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ABSTRACT
Let R, (Z 0 ) be the set of all rhotrices of size n taking values

from a field of integers Z where N = 27" +1. The purpose

of this paper is to present some characterization of measure
functions over sigma algebra on finite rhotrix set recently
developed by Mohammed and Ifeanyi. The results were
presented as theorems with their proof. Concrete examples were
given to further reduce abstraction.
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INTRODUCTION
A rhotrix R of size n written as R, , is a rhomboidal array with

entries from a field F that can be expressed as coupled matrices
which must necessarily be square matrices say A and C of sizes
(wxw) and (w—1)x (w—1) respectively, where

n+1
W= > and Ne€2Z" +1 is the size of the rhotrix.

The concept of rhotrix was initiated by Ajibade (2003). The
measurability study of finite rhotrix set began from the work of

Mohammed and Ifeanyi (2016). A finite rhotrix set, Rn (Z p ) of
all rhotrices of size N with entries from a finite field of

integers Z,, where p is a prime, was presented as underlying set
in the study of non-commutative finite rhotrix group by

Mohammed and Okon (2015). They defined Rn Z p)as

d,
a: o
Rz g - - - - @ Sy Z, =002 p Vg is primel,
\ - - - - -
@iy Coner, e
a,

where 1<ij<t 1<Lk<t—1 t="" andne

27t + 1.

The various constructions of measure functions developed in
(Mohammed and Ifeanyi, 2016) that can be used to determine the
measure of any finite rhotrix set, form the basis for this paper.
Also, using the idea of Sani (2008, 2009) for expressing rhotrix as

coupled matrix and further as filled coupled matrix, each rhotrix in
finite rhotrix set Ry, (Z,,) is written as

T T

€ e Gy e
e

Cop e Gy e e e e G

By, filling each gap in the coupled matrix with zero, the dimension
of the filled coupled matrix becomes n x n, so that

a 0 a 0 a . 0 a
0 a 0 € 0 . Oy 0
R![ZP]= ) ) ) - 4> G &7y
0 ¢y 0 ¢ 0 o gy, O
a, 0 a, 0 a, 0 a,

With the above, several measure functions M with domain as
sigma algebra on Rn (Z p) to the set of positive real numbers

R" were considered by Mohammed and Ifeanyi, (2016).

Basic definitions

The following definitions will be used frequently in the course of
this paper.

Rhotrix: Rhotrix of size N written as R is defined as a

rhomboidal method of representing array of numbers, where
n=2Z"+1.

Non-singular (Invertible) rhotrix: A rhotrix R,, is invertible if
there exists another rhotrix Qn such that the product

(Rn )x (Qn ): I, (an identity rhotrix). The operation is to be

achieved using row column multiplication approach. By
implication, determinant of non-singular rhotrix R,, in filled couple
matrix form is non zero.

Triangular rhotrix: A rhotrix is triangular if all the entries to the
left of the main diagonal are zero (upper triangular) or if all the
entries to the right of the main diagonal are zero (lower
triangular).
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Non-zero rhotrix: This is a rhotrix with at least one of its entries

more than zero. Analogously, a zero rhotrix is a rhotrix with every
entry as zero.

R,(z,) e 2™

)y 1Q,(z,)e 2%s) e @.(z,) oRalz)

i)

where (Qn (Z 0 ))C is the complement of Q,, (Z 0 ) with

respectto R, (Z o ) .
If

@z,).@z). @) ., c 2+

k

then U(Qn (Z . ))I EZR"(Z")

i=1
Measure: A measure (M) is a function defined on a o —

algebra (sigma-algebra) F over the set X such that
M:F - Rt satisfying the following axioms.

a) M(:FL)ZO (:FLE:F)

b) M (@) =0 zero

Countable additivity: if En is countable sequence of pair-wise

disjointed measurable sets in F then, M (Up-, (En)) =

Yn=1 M (Ey)

Measure functions over sigma algebra on finite rhotrix set

In this section, some of the measure functions, developed in
Mohammed and Ifeanyi (2016) with their extension to finite rhotrix
sets in Mohammed and Ifeanyi (2017), are recorded.

1. Determinant measure function
If R, (Zp) is a finite rhotrix set and 2" (z,) is the collection

of all subsets of Rn(Zp) and Rn(ZJ denotes the

R.(Z,).

M ;2R @e) 5 jF defined by

‘MW, (z, ))— \det([ 1),

R.(z
where W, (Zp)e 2 @) is a measure function
Mohammed and Ifeanyi (2016).

cardinality of then the function

2. Trace measure function

i R,(Z,) "o (2s)

is a finite rhotrix setand 2 "

R, (Z o 1 denotes the

is the collection

of all subsets of Rn(Zp) and

cardinality of
Rn(Zp), then the function 'M : 2%" @*) _5 R™ defined

by
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"M W, (z ))— \tr([ 1),

Ra(z
where W, (Zp)e 2 @) is a measure function
Mohammed and Ifeanyi (2016).

3. Rank measure function
If R, (Zp) is a finite rhotrix set and 2" (z,) is the collection

of all subsets of Rn(Zp) and Rn(ZJ denotes the

R.(Z,).
"M :2Rn @) g ot defined by

rM(\/V (Z ))_ ‘rank([ ])k‘

R, (z
where W (Zp)e 2 ol2,) is a measure function,
Mohammed and Ifeanyi (2016).

cardinality of then the function

4.  Spectral radius measure function
i R(Z,)

of all subsets of Rn(Zp) and

o R(Z,)

SM ;2R @) 5 gt defined by

Wa (25)
"MW,(Z,))= > [spedir;1),]

R, \Z
where W (Zp)e 2 (20 is a measure function,
Mohammed and Ifeanyi (2016).

is a finite rhotrix set and ZR" Ze is the collection

R, (Z o 1 denotes the

cardinality then the function

5.  1-norm measure function
If R, (Zp) is a finite rhotrix set and 2" (z,) is the collection

of all subsets of Rn(Zp) and Rn(ZJ denotes the

cardinality ~ of R, (Zp ) then  the  function
M ;2R @e) 5 gt defined by
W, (z,) n
MW, (z,)- maoc > ()
1<j<n <
k=1 j=1 K
where W (Z o ) e 2™ (z,) is a measure function,

Mohammed and Ifeanyi (2016).
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— R, (z
0 — norm measure function (z,) W, (Z p)e 2 (25 is a measure function, Mohammed and

e . Ra(Z,) . .
If Rn(Z ) is a finite rhotrix set and 2 is the collection lfeanyi (2016).

of all subsets of Rn(Zp) and Rn(ZJ denotes the

10. Additive norm measure function

cardinalty ~— of R (Zp ) then  the  function If R, (Zp) is a finite rhotrix set and 2" (z,) is the collection
M : 2Rn @e) gn+ defined by of all subsets of R (Zp) and R (Z p1 denotes the
w, (z p ) n
(VV (Z )) _ max Z qr__ ‘) cardinality  of R, (Z 0 ) . then  the function
1<i<n -1 " a R. (Zs) .
( ) K M 27 SR defined by
R, (z
where W (Z o ) €2 is a measure function, W, (sz 0
Mohammed and Ifeanyi (2016). aM (VV (Z )) _ Z Z ‘I’-- ‘
n p [k

7. 2-norm measure function k=1 i=1,j=1

& 2 frite ot Ri(2,) . R (2
If Rn (Zp) is a finite rhotrix set and 2 is the collection where, Wn (Z . ) c? o p)is a measure function Mohammed

of all subsets of Rn(Zp) and |R, (ZPX denotes the and Ifeanyi (2016).
cardinality ~ of R, (Z 0 ) . then  the function RESULTS
207 . AR (Z0) N . Some results of the measurability study of finite rhotrix sets in
M 270 — ER defined by Mohammed and Ifeanyi (2017) are identified in form of theorems.
W p‘ The set R3 (Zz) presented in Mohammed and Okon (2015) is
MW, (z max elgen(([b ) ([b ))
'J IJ used to demonstrate concrete examples. The evaluations of the

measures are accomplished using MATLAB software.

R.(z
where W, (Zp)e 2 ”( 2 is a measure function, )
Mohammed and Ifeanyi (2016). Theorem 4.1: Let "M be a determinant measure of a finite
rhotrix  set Rn(Zp) and let Q, (Z o )be a subset of

8.  Frobenius norm measure function

it R,(Z,) is a fnte hotrix set and 2%** is he collection R\(Z,) consising of  sigular  totices,  ter

R, (Z b 1 denotes the "M (Qn (Z b )) =0.

of all subsets of R, (Zp) and
Proof: From definition of singular rhotrices, Qn (Z o ) contains

cardinalty  of R (Z 0 ) ., then  the function
rhotrices whose determinants are zeros.

"M ;2R @e) iR+ defined by Now, let

Q.(Z,)={(a), (d,), (G (0 )}, where i e

f

M (Wn (Z P (\/‘tr(([b” [b” Jj Q; are singular rhotrices and ‘Qn (Z b 1 =i

where W, (Z )e 2 ”( %) is a measure function, Then,

Mohammed and Ifianyi (2016). Q. (Zp): {<q1>}u {<q2>}u {<q3>}u... o {<qi >}

9. Euclidean norm measure function So that

If R, (Zp) is a finite rhotrix set and 2" @) is the collection d|\/|( ( )): M({ q1 })+ M({ q2 } M({ q3 })+ + M({<q >})

of all subsets of Rn(Zp) and Rn(ZJ denotes the

cardinality  of R, (Z p ) then  the function "™ (Qn (Z p )) =0+0+0+..+0

d
M(Q.(z,))=0
°M : 2R @) 5 j* defined by Qn P
where
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Example 1: Consider the set

F S T T A O A T T A S S A O A R T A A
R-(1 ‘..j'nuJ.zutlﬂwuLR(naRo uc1.zuoaR\Lun
\ Vo 0/ [ \ / ‘1_ 0/ | _‘.‘ 0
f oy ooy {0 |e fooy foy [0
R=(1 ( n-a‘:,n;::lol},n;{nul)@;(noc LR, fDDI LE,={0 0 0}&,=(1 0ol
| | A O A T T N Vo /o b o/
R(Z;)= N i .
' / O Y L Y [ U T \
R L 10}.&:—-;:111;-.&—u11'1c \‘UIUH-CJII.K-U]L o)
4 1 \ 1] ] Yoo Yo o/

/ o o [e ". |e /
Ry =(1 1 1heg={0 VR, = (o1 \ R, lﬂlf.*tfllﬂ
| Y 1 ] Lo / [ I Yoo

and let the singular elements be Q3 (Z 2 ) . Then

|

[ [T [ [ [
R_*-"‘W 0 II‘:,R;*{:‘I 0 ﬂ LR, =11 0 l R, ={ 0 0 I\R* 0 0 0LR = \ﬂ 0 l
Vo IR Voo 1 ;" Vo /e
R 1) [0 /oo [ o) [y
:e__;;u 0 0;-.&_<1 0 o JR={1 0 1) R,=(1 0 0) R”—\l 0 1) Rj_‘o 01
Vo1 0o | Voo Vo Lo/ 1
/oo Y /oo [0 ) 1 1
0.2, = R_E—::n 0 O:‘:‘R_,— 00 |‘5.R_5—-::n 0 n;-..fqﬁ—\l o0} LR, —(I 1 1LR,=(0 1 0
Vo oo/ (I 0 i Lo 0
:.F 1 "". :f 1 ;oo ‘-; 0 [0 \ 0
RH-"OIIRJ:IIORE-IIOR,-OIIR;-fOlOR,:JOll
Yoo 0 [ Vo) Vo Voo
foo 0
Ry={0 1 0LR,=(1 1 0)
1/ o/
Therefore,

"M(Q:(Z,)F"M(R )+ +'M(Ry "M Ry M (

Using Matlab the result follows thus

‘M (Q,(Z,))= abs(det(R, )) + abs(det(R, ) +

dM( 3(22)):0

Theorem 4.2: Let

d M be a determinant measure defined on

the finite rhotrix set R (Z p) and let P, (Z 0 )be a set of all
Rn (Z p )

invertible elements of

"M(P,(z, EM(R,(z,))

Proof: From the hypothesis,
Pn(zp)g Rn(zp)

It means that 3 Q, (Z , )g R, (Z o ) such that Q,, (Z . )

contains only the singular elements of Rn (Z p )

then

Therefore,

R,(Z,)=P.(z,)uQ.(z,
Pn(zp)an(Zp)z
Hence,
M
0

, where

)

¢
"M (Rn (Zp)):dM (Pn (Zp))"'d (Qn (Zp))
dM(Rn(Zp)): (Pn(zp)

)+
"M(R,(2,)="M(P.(z,)

M
aM

Example  2: Consider  the
Ry(Z;) =Qs(Z;) W R(Z,)

contains the smgular elements of R;(Z,) given as

rhotrix

Q:(Z,)

finite
where

F-’ 1 [ Y [ /o ‘:\ I I \".‘
R‘::\IGI;,R.:(IOGR—IOl)R—’OOlR—OODwR o0 1)
N Ve e Vo Vo \ /
1 /1 [0y [0 [0 /o)
00 0hR={100LR=(10 l'},R o ll\R o ]Jl’!' =00 ]'},_
Y A T A R T A A 1
oo [0 [0 /o ‘: [ \‘ /o
0,(Z,)= R_*-{D 0 0},&;-:0 0 1:;-,R,.f<:u 0 U;:,R,,*(:l 0 0‘ Ry ={1 1 l)R - 0 1o}
Lo/ Vo) Vo Voo IR Voo
[y /1 \ [ [0 [0 [0
Ry={0 1 LLR,={1 1 :);:,k',,f;:l 10 LRy =(0 1 1Ry =0 1 (1;‘11‘“7,‘:(1 1o,
Voo Lo Vo Voo Voo oo
[0 o )
[ \ \
Ry, -;o 10 Fj-.R,_. (1 (JI;
\ o /

and P (Z ) contains the non-singular elements of Ry(Z,)
given as;

o [ / Ly [ 1) /ooy /0]
P(Z)={Ry=(1 1 0)Ry=(1 1 1} Ry=/0 1 1LRy=(0 1 0}R.={1 1 LLR,={1 1 1}}

1} / 1} ! \ \ \ \ i

S T T S R A T T A Vo /]
So that

"M(Rs(Z_Z));‘M(Qg(gz»rd (R(2,))
of the sets in the rlg?:t( hl:fcljéslja ?jveill fbo/ﬁc{w

M(R,(2.))-0+6

=6

=M (Ps (Z, ))
Theorem 4.3: Let Q, (Z . ) be a subset of R, (Zp)
containing  rhotrices  having trace as zero, then
M (Qn (Z o )): 0, where "M denotes trace measure
function.
Proof:

‘Wn (Z p )‘
Using "M (Wn (Z P )) = tr([rij ])k ‘ where
k=1
w,(z,)e 2
Let W, (Z 0 ) = Qn (Z 0 ) s0 that
(2,

trM(Qn(zp)): 1
Z, ): “rij J)y(lrij J)z ’ ""qrii J)\Qn(sz }

rhotrices such that tl’(l_l’ij J)k =0

Let
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Clearly,

(2,
wio,z, )| Ul

1
k=1 \] k=1

Example 3: Given the finite rhotrix set R, (22 ) as in example
one and Q, (22 ) cR, (22 ) where Q, (22 ) contains

thotrices of trace zero. Then, Q, (Z2 ) is listed as;

0 0 0 0
Q,(Z,)=1Ry=(1 0 1)R,=(0 0 0)R,=(0 0 1}R,=(1 0 0
0 0 0 0

=

>]

1 0),(1

1

1
0
1
1
1 0)(1
1

Using matlab tool we establish that

SM(Ps(Zz)):7
"M(Q;(2,))=7

Corollary 1
et P\Z p) and Q, (Z p) be any subsets of a finite rhotrix

tr _tr tr tr tr
M( 3(22))_ M(Rll)"' M(R13)+ M(Rl“)-‘_ M(Rm?et Rn(Zp) of equal sizes such that Pn(Zp) and

™ (Qa (Zz )):0

Theorem 4.4: Let P, (Z o ) and Q, (Z o ) be any subsets of a
finite rhotrix set R (Zp) of equal sizes such that P, (Z p)

and Qn (Zp) contain upper triangular rhotrices and lower
respectively, then
where, M is the

triangular rhotrices

S S
M(P,(z, JFMQ.(2,)

Spectral radius measure function.

Proof:

This proof follows since the field Zp is the same and both

P

n

(Z b ) and Qn (Z b ) are of equal sizes. Every lower
triangular rhotrix has a reflection as upper triangular rhotrix.

Example 4
Consider R, (Z 2) as in example one, containing the sets

P, (Zz) and Q, (Zz) as subsets with upper and lower

triangular rhotrices respectively as members. We list the sets as
follows;

and

Qn (Z D ) contain upper triangular rhotrices and lower triangular

thotrices respectively, then "M (Pn (Z o )):r M (Qn (Z o ))

r . "
where, ' M s the rank measure function.
Corollary 2

Let P,\Z p) and Q, (Z p) be any subsets of a finite rhotrix
set R (Zp

Qn (Z p ) contain upper triangular rhotrices and lower triangular

rhotrices respectively, then ‘M (Pn (Z o )):ll\/l (Qn (Z o ))

ing . .
where, “M s the 1-norm measure function.
Corollary 3

Let P(Z p) and Q, (Z p) be any subsets of a finite rhotrix
set R (Zp) of equal sizes such that P, (Z p) and

) of equal sizes such that Pn(Zp) and

Qn (Z 0 ) contain upper triangular rhotrices and lower triangular

rhotrices respectively, then

wM(Pn(Zp)):wM (Qn Zp)) where, “M s the co-

norm measure function.

Corollary 4
Let P,\Z p) and Q, (Z p) be any subsets of a finite rhotrix

set R (Zp) of equal sizes such that P, (Z , ) and
Qn (Z p ) contain upper triangular rhotrices and lower triangular

rhotrices respectively, then M (Pn (Z 0 )):zl\/l (Qn (Z 0 ))

201 .
where, “M s the 2-norm measure function.
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Corollary §
Let P,\Z p) and Q, (Z p) be any subsets of a finite rhotrix

set Rn(Zp) of equal sizes such that Pn(Zp) and

Qn (Z p ) contain upper triangular rhotrices and lower triangular

rhotrices respectively, then
fM(Pn(Zp) f|\/|(Qn Zp)) where, "M is the

Frobenius norm measure function.

Corollary 6
Let P,\Z p) and Q, (Z p) be any subsets of a finite rhotrix

set R (Zp) of equal sizes such that P, (Z 0 ) and
Qn (Z p ) contain upper triangular rhotrices and lower triangular
MRz, M, (z,)

e . . .
where, - M s the Euclidean norm measure function.

rhotrices respectively, then ¢

Corolla
Let P(Z p) and Q, (Z p) be any subsets of a finite rhotrix

set R (Zp) of equal sizes such that P, (Z 0 ) and
Qn (Z D ) contain upper triangular rhotrices and lower triangular
M (P, (2, "M (Q.(2,)

where, &M s the Additive norm measure function.

rhotrices respectively, then a

Theorem 4.5: Let *M be Euclidean norm measure function on

a finite rhotrix set Rn(Zp). Let P, (Zp) be a subset

R, (Zp) containing all non zero rhotrices, then
e e

M (P, (z, MR, (2, ).
Proof: Let us set Qn (Z b ) containing zero rhotrices, as the

complement of P, (Zp) with respect to Rn(Zp) as the

universal set.

=R.(Z,)=R(Z,)uQ,z,)
?TW(() MRz, )+M(Q,(z,)
eM@@J M(R(z,))+0

MR, (2, M (P, (2,) o s

Conclusion
In this paper we have presented some characterization of results

arising from measurability of study of finite rhotrix set R, (Z 0

on the bases of measure functions developed by Mohammed and
Ifeanyi (2016). Rhotrix measure theories have been extended to
particular subsets of the finite rhotrix set. It is hoped that this will
stimulate further studies on the measurability of finite sets whose

elements are not necessarily on the real of which Rn Z b

one.
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