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ABSTRACT a f
This paper presents the triple (R, (F),+, ) consisting of the ,
. , , L . . ] R3 +Q3 = b h(R3) d + g h(Qg) J =
set of all rhotrices of size n with entries in an arbitrary ring F; and
together with the operations of rhotrix addition ‘+" and row-column € k
based method for rhotrix multiplication; ' o ', so as to introduce

it as “the concept of non-commutative full rhotrix ring”, and study a+f

its properties. A number of subrings of (R (F),+,0)are b+g h(R,)+h(Q;) d+] )
uncovered. Next, the paper shows that a particular subring of the e+k

non-commutative full rhotrix ring (R, (F), +, ©) is embedded

in a particular subring of the well-known non-commutative full

matix ring (M, (F),+,). Furthermore, isomorphic ah(Q,)+ f(R)
relationships between some subrings of (R (F),+,0)are R,°Q,=(bh(Q)+gh(R,) h(R)h(Q,)  dh(Q,)+ jh(R,) O
investigated. eh(Q;) +kh(R,)
Keywords: Ring, subring, Rhotrix Ring, Rhotrix Subring, Matrix

Ring, Matrix Subring Ry =(a,Gi ) = (Au Cpny) =
INTRODUCTION &

A rhotrix is a rhomboidal form of representing array of numbers. A

rhotrix set is a set consisting of well-defined rhotrices as its Ay Cu a,

elements. A rhotrix ring is a ring having rhotrix set as an

underlying set. A non-empty subset S of a ring R is called a

subring of R if S is a ring under the operations of addition and a, . -
multiplication defined on R. Worthy of note to say that, S is a

subring of R if and only if a,b €S impliesa—b € S and

ab € S as established in Garrett (2008).

The concept of rhotrix of size 3 was introduced by Ajibade (2003) a1(t—1) C(t—l)(t—l) a(t—l)t

as an extension of ideas on matrix-tertions and matrix-noitrets a,

suggested by Atanassov and Shannon (1998). Ajibade defined a t

collection of all rhotrices of size 3 with entries from set of all real

numbers as where a;; and ¢y, are major and minor entries respectively.
a Implying that

R,(R)=4(b c d):ab,c,deecR - _

. YRR VR P 1

The entry at the particular intersection of the vertical and G B e Gy % )

horizontal diagonal denoted by h(A43) = c is called the heart of R, = oy

any rhotrix A3 € R3 (R). The following are the binary Qe Qene o ey X | | Coan Cenn)

operations of addition (+) and multiplication (o) defined in [1], a, 8, . B a,

recorded respectively, as follows:

The set of all such collections of rhotrices with entries from an
arbitrary field F can be denoted as

R”(F):{<aii’c'k>:aii eF.c eF },
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where1<1i, j <t,

_n+1

1<lLk<t-1;t= and ne2Z" +1.

Multiplication of two rhotrices R, and Q, was defined in
Sani (2007) as follows:

R, 0Q, = <a|1hvc|1k1 > °<b|212 ) d|2kZ > = <i(a.1hb.zjz ) i(c|1k1d|zkz)> )]
iy k

IZ 1
It was noted in Sani (2007) that the row-column based rhotrix
multiplication (2) is non-commutative, but associative. The identity
element of any rhotrix of size n was also given as

1
010

Lo =(luo V) ={ 0 = w1 . 0 0
010

The determinant of a thotrix R was also defined as:
det(R,) =det(ay, G, ) =det( A, ).det( Cp_yy )
It was also presented that Rn = <aij , C|k> is invertible if and

only if the two matrices [aij]and [Clk]are both invertible

that if R is invertible and

matrices.  This means N

Rgl = <qij , I‘lk> then j; and T, are the inverse entries of

matrices A, and C(t_l)x(t_l) respectively. Also, noteworthy to

mention that R, is invertible if and only if det(R,) = 0.1t was

also shown that

©)

det(R oQ. ) =det(R )odet(Q,) = det(R ).det(Q, ).

If Rn :<a1.j,c,k> then its transpose was defined as
Ry =(a;,C). 1
(R°Q)" =(Q) °(R)".

Since the concept of rhotrix was introduced by Ajibade in 2003,
some algebraic structures having rhotrix set as an underlying set
had been studied in the literature of rhotrix theory. Worthy of note
are Mohammed (2007a, 2007b), Tudunkaya and Makanjuola
(2012a, 2012b), Aminu (2009), Mohammed and Balarabe (2014,
2017a, 2017b), Mohammed et al.(2014), Mohammed and Okon
(2016), Mohammed and Shettima (2017a) and Mohammed and
Shettima (2017b).. However, (Mohammed and Balarabe, 2014)
observed in their ten year reviewed of rhotrix theory from 2003 to
2012 that, authors that adopted the rhotrix multiplication (1) in

was noted that

presentation of their works contributed their articles to the
literature of commutative rhotrix theory. While, authors adopting
rhotrix multiplication (2) for presentation of their works,
contributed their articles to the literature of non-commutative
rhotrix theory. Now, considering the articles in the literatures of
rhotrices, the concept of non-commutative ring of rhotrices has
never been discussed, to the best of our knowledge.

In this paper, an algebraic study of non-commutative ring of
rhotrices is introduced. This is achieved through a consideration

of the triple (R, (F), +,©), consisting of the set R,,(F)of al

rhotrices of size n having entries in an arbitrary ring F and
together with the operations of rhotrix addition (+)and row-

column based method for rhotrix multiplication (0), which forms

the ring of all rhotrices of size n over an arbitrary ring F. The ring
is termed as ‘the non-commutative full rhotrix ring’, because of the
non-commutativity of row-column based method for rhotrix
multiplication. The properties of the ring will be investigated.

Furthermore, subrings of (R, (F),+,©) will be identified and
it will also be shown that, a particular subring of
(R, (F),+,0) is embedded in a particular subring of the well-

known full matrix ring (M, (F),+,-). In the process, a
number of results are shown.

The Non-Commutative Full Rhotrix Ring

This section studies the set of all rhotrices of size n with entries
from any arbitrary ringF and together with operations of rhotrix
addition and row-column based method for rhotrix multiplication,
so as to introduce it as “the concept of non-commutative full
rhotrix ring” as given by the theorem below.

Theorem (The non-commutative full rhotrix ring)

Let R, (F)be the set of all rhotrices of size n having entries

from an arbitrary ring F. Let +and °be the operations of rhotrix
addition and row-column based multiplication of rhotrices of the

same size respectively. Then, the triple (R (F),+,0) is a

non-commutative full rhotrix ring of size n over an arbitrary ringF.
Proof

The triple (R, (F),+, ©) is a ring under the binary operations
of addition and row-column based multiplication of all rhotrices of
size n. Thatis, (R, (F),+,©) satisfies all the ring axioms as
below.

@) (R,(F),+) isan Abelian group
Let R = <61ij,CIk > and S, = <bij,d|k> be any two

thotricesin R (F) .Observe that

R,+S, =(ay,G, )+ (b, dy ) =(a; +by,c, +d )e R, (F)

Thus, R (F)is closed under the operation of rhotrix
addition. Associativity holds in(R, (F),+), since for any

three rhotricesRy, Sp, Ty, € R (F) with T = <eij ) g|k>

, itis easy to see that
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(R,+S,)+T, =R, +(S,+T,).Also, for any

rhotrix R, € R,(F), there exists an identity element
0, ={0;j,0) € Ry, (F) such that

R,+0, =(a;,6, )+ (05,0, )=
C,k>=RneRn(F)

and O,+R =R eR, (F) Finally,  inverses

elements exist, since for each rhotrix R,, € R, (F) there
exists an element —R,, = (—a;j, —c;x) € R,(F) such
that

R, +(-R,) =(a,¢ ) +(-a;,—C, ) =

(a; -2y, —¢, ) =(0;,0,)=0, &R, (F)
and —R +R =0, eR, (F).As0,

R, +S, =(a; +by,c, +dy, )=

(b; +2;.dy +¢, )=S, +R, € R, (F)

Thus, the pair R,,(F), +) is a commutative rhotrix group.

<aij +0ij1clk Jr0||<> = <aij'

(il (R, (F),0) is asemigroup
Forany two rhotrices R, S, € R, (F), we have

R, ° Sn = <ai1j1 1Cii > °© <bi2j2 ) dlzkz > =

t t-1
Z (ai1j1bi2j2 )’ Z (C|1k1d|2k2 ) € Rn ( F )
Lk,

iz J1
Thus, (R, (F),°) is closed under the binary
operation of row-column based rhotrix multiplication.
Associativity holds in (R, (F),°), since for all

R.,S,andT, eR (F), it can be obtained by
computation that
(R,eS,)eT, =R, o(S,oT,).Hence, the
pair (R, (F),°)is a non-commutative rhotrix
semigroup.
(i) (R, (F),+,0) Possesses multiplication that is left
and right distributive over addition
For any three rhotrices R, ,S,,T. € R (F),itcan
be obtained by computation that
R,o(S,+T,)=R oS +R T and
(S,+T)oR =S oR +T oR . o
multiplication is both left and right distributive over
addionin (R (F),+,0).
Hence, the triple (R, (F),+,°)is a non-commutative full
rhotrix ring. Furthermore, any other set of rhotrices of the same

size with entries in F that forms a non-commutative ring of
rhotrices is a subset of (R, (F),+,°).

Corollary

Let the ring F in the above theorem be the ring Z of all integer
numbers. Then, the triple(R,,(Z), +,°) is the non-commutative
ring of all integer rhotrices of size n.

Proof
Putting F = Z in the above theorem, the result follows.

Corollary

Let the arbitrary ring F in the above theorem be the ring R of all
real numbers. Then, the triple (R, (R),+,0) is the non-
commutative ring of all real rhotrices of size n.

Proof
Putting F = R in the above theorem, the result follows.

Corollary

Let n = 3 and letF be the ring of all complex numbers C in the
above theorem. Then the triple (R3(C), +,0)is the non-
commutative ring of all complex rhotrices of size 3.

Proof

Putting N =3and F=C in the above theorem, the result
follows.

Before the next theorem, it may be of interest to recall that,
Garrett (2008) noted that, the collection M (F) of all n-by-n

matrices with entries in a ring F is a non-commutative ring, with
the usual matrix addition(+) and multiplication(-). Now, we

denote this full matrix ring as the triple (M, (F ), +,-) .

Theorem
Let F be a ring. Then the non-commutative full rhotrix ring

(R,(F),+,0)is embedded in the ful matrix ring
(M, (F),+).

Proof
An embedment is an injective homomorphism. So it will be shown
that there exists a one-to-one homomorphism between

(R,(F),+,0) and (Mn(F),+,-). Now, we define the
mapping
0:(R,(F),+,0) > (M, (F),+,) ty
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i

0
L &

a,
ay Cy a,
a31 C21 aZZ ClZ a13
at(t—z) C(t—l)(t—Z) a(H)(H) C(I—Z)(I—l) a(tfzn
at(H) C(H)(H) a(H)x
&y
0 a, 0 .. . . 0 ay
Cy 0 Cp, Cl(t—l) 0
0 ) 0 0 8y,
0 a(t—l)z 0 a(l—l)t
C(t—l)l 0 C(H)z C(I—l)(t—l) 0
0 a, [ 0 a |

That is, @ maps each rhotrix R in (Rn(F),+,O) to its
corresponding filled coupled matrix M in (M J(F),+, )

Clearly, & is a 1-1, since
Q(Rn) = H(Sn ) = R, =S,. Meaning that, no two

different rhotrices in (Rn (F),+, 0) may have the same filled
coupled matrices in (M J(F),+, ) Furthermore, @ is a

homomorphism, since forall R, S, € (Rn(F), +, O) , the

images of 6 in both equations
H(Rn+8n)=9(Rn)+6’(Sn) and
H(Rnosn):é?(Rn)~9(Sn) are  elements in

(Mn(F),+,-). Thus @ is an injective homomorphism.

Hence (Rn(F),-l-,o) is embedded in(Mn(F),+,.) )

Before the remarks below, it is interesting to recall from Garret
(2008) that, a field is a commutative ring with unity element, on
which each non-zero element possesses a multiplicative inverse
element.

Remarks

(@) Let R,(K)be the collection of all rhotrices of size n with
entries in an arbitrary field K. Let+ and odenote
respectively, the operations of rhotrix addition and row-
column based multiplication. Then the triple (R,,(K), +,°)
is @ non-commutative ring, but not a field. The main reason

is that, some non-zero rhotrices in (R, (K),+,¢)do

not have multiplicative inverse rhotrix. Hence,

(R, (K),+,0) is a non-commutative ring, but not a
field, when K is a field.
(b) Let GR, (F) be the subset of the ring (R, (F ), +, ©)

which consists of all invertible rhotrices of size n with
entries from an arbitrary ring F. Then the pair

(GRn(F),o)forms a group
(GRn(F),O)was studied in Mohammed and Okon

(2016) as ‘the non-commutative general rhotrix group’.

group.  This

Some Properties of Non-Commutative Full Rhotrix Ring
()  LetF be the ring of all integer or rational or real or complex

or residue integer numbers. Let (R, (F),+,0) be the
non-commutative rhotrix ring. An element
I, €(R,(F),+,0)is called a unity element in
(R, (F),+,0) ifforal X, € (R, (F),+,0),we
have X, ol =1 0X_ =X_. Thus, the unity
element in the non-commutative rhotrix  ring
(R, (F),+,0) isarhotrix, given by equation (3).

(i) LetF be the ring of all integer or rational or real or complex
or residue integer numbers. Let (R, (F),+,0) be the
non-commutative  full  rhotrix ring. An  element
X, €(R,(F),+,0) is called a unit element in
(R,(F),+,0), fif
X, b e (R (F),+0), such that

X oX T=XToX, =1

there exist an element

Thus, the units elements in the non-commutative full rhotrix ring
(R,(F),+,0) are the invertible (or non-zero determinant)

thotrices. So, the pair (GRn(F),O) termed as ‘non-
commutative general rhotrix group’ in (Mohammed and Okon,
2016) forms a group of units in (R, (F), +,°).

Subrings of Non-Commutative Full Rhotrix Ring

Definition (Left triangular rhotrix)
Mohammed and Okon (2016) said that a rhotrix Rn is left

triangular if all the elements in the right of the vertical diagonal are
all zero.
Now, let us denote the set of all left triangular rhotrices of size N

in R,(F) as LTR, (F).Thus,

The Non-Commutative Full Rhotrix Ring And its Subrings
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LTR,(F)=
ay,
a Cyy
Ay Cx Ay 00
42 Cenez ey 0 O
ey Cepey O
3y
aiJ,C,keF

where a; =0 if i<j and ¢, =0if 1<k

Proposition (Mohammed and Okon, 2016)
If A and B, are left triangular rhotrices, then their product

A, o B, is also aleft triangular rhotrix.

Theorem
The triple (LTR,, (F ), +, ©) which consist of the set of all left

triangular rhotrices of size n over a ring F and together with the
operations of rhotrix addition and row-column based multiplication
is a subring of the non-commutative full rhotrix ring

(R,(F),+,9).
Proof
It wil be shown that the triple (LTR, (F),+,°)is closed

under the operations of subtraction and multiplication as below.
Let

A1:<aij,c,k>:

a;
a, C 0
Ay Cy ay 0
Ay 0

Coniz 0 0
Ay G-y 0
A

& t-2)

and

Bn:<bij’dlk>:
b,
by dy 0
b31 21 b, 00
by
bt(t—2) d(t—l)(t—Z) b(t—l)(t—l) 00

bt(t—l) d(t—l)(t—l)
by

be any two rhotrices of size nin LTR_(F). It follows that
A, -B, =(a; -y, ¢, —d,)e(LTR (F),+°)

Furthermore, following the above proposition in (Mohammed and

Okon, 2016), the product A, o B, € ( LTR,(F),+, 0) .So

the triple( LTR, (F),+, O) is closed under the operations of
rhotrix subtraction and multiplication defined in the rhotrix ring

(Rn (F),+, O) . Meaning that, the pair ( LTR,(F), +)
is a rhotrix subgroup of the rhotrix group (Rn (F), +) . Next,
the pair (LTRH(F),O) is a rhotrix subsemigroup of the
thotrix ~ semigroup (Rn (F), O). Lastly, the triple

(LTRn (F),+, O) satisfies the axiom that, the operation of
rhotrix multiplication should be both left and right distributive over
the operation of rhotrix addition, as in (Rn (F),+, O).

Hence, ( LTR,(F),+, 0) is a left triangular rhotrix subring of

(R, (F),+,0).
Corollary

The left triangular rhotrix subring (LTR, (F), +, ©) of the full
thotrix ring (R,(F),+,0) is embedded in the lower
triangular matrix subring (LTM , (F), +,-) of the full matrix
ring (M, (F),+,-).

Proof
It is required to show that there is a one-to-one homomorphism

between (LTR_ (F),+,°) and (LTMn(F)1+")'S°
define a mapping

@ (LTR (F),+,0) > (LTM_(F),+,-) vy

The Non-Commutative Full Rhotrix Ring And its Subrings
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That is ¢ maps each thotrix R in

(LTRn (F),+ 0) to its corresponding filled coupled lower

triangular matrix M in (LTMH(F),-l-,-)
1-1,

left triangular

Clearly, @ is a since

8y
Ay Cy 0
8y Co1 8z 00
® 8y 0
a2 Cenea  Bpneoy 00
Qi) ) 0
8
[a, O 0 0 0 0
0 ¢ O 0 0 0
ay, 0 a,, 0 0 0
N 0 Qa2 0 Qi) 0 0
0 Crin 0 Cono oo o 0 Ceaye-1) 0
L ay 0 &, 0 &y 0 B

RTR,(F) =
ay
0 Cu 8y,
O 0 aZZ ClZ a13
0 -y
00 a(t—l)(t—l) C(1-2)(1-1) a(t—Z)l
0 C(l—l)(l—l) a(t—l)l
2
a;,¢ €F
where a; =0 if i>j and ¢, =0if I >k

Proposition (Mohammed and Okon, 2016)
If A, and B, are right triangular rhotrices, then their product

A, o B, ,isalso aright triangular rhotrix.

Theorem
The triple (RTR,, (F), +, ©) which consist of the set of all

right triangular rhotrices of size n over a ring F and together with
the operations of rhotrix additon and row-column based
multiplication is a subring of the non-commutative full rhotrix ring

VR,.S, €(LTR,(F).+0), 9(R.)=0(S,)= R, =5 (F) +.0)

Meaning that no two different rhotrices in ( LTR,(F),+, 0)
have the same filled coupled
(LTMn(F),+,-). Furthermore, ¢» is a homomorphism,

since for al R, S, € (LTR,(F),+,°),the images of
@ for both(p(Rn +Sn):(p(Rn)+gD(Sn) and
(D(Rnosn):¢(Rn)'¢(Sn)are
(LTMn(F),+,-). Thus, ¢ is an
homomorphism. Hence, (LTR, (F),+,°) is embedded in
(LTMn(F),+,-) .

may matrices  in

elements in

injective

Definition (Right triangular rhotrix)
Mohammed and Okon (2016) said that a rhotrix R is right

triangular if all the elements in the left of the vertical diagonal are
all zero.
Now, let us denote the set of all right triangular rhotrices of size

Nin R (F) as RTR, (F).Thus,

Proof
It will be shown that the (RTR_ (F),+,¢) triple is closed
under the operations of subtraction and multiplication as below:

Let

A= (8 c)=

a,
C11 alZ
0 0 a22 C12 a13

0 0 Ay Sy Koy
0 Ciecnyio Ayt

Ay

and

The Non-Commutative Full Rhotrix Ring And its Subrings
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B, =(b;,d, )=

1

d;, by,
b

b

b(t—l)(t—l) d(t—2)(t—1) (t-2)t

d(t—l)(t—l) b(t—l)t
by

be any two rhotrices of size nin RTR_(F). It follows that
A, -B, =(a; -y, ¢, —d,)e(RTR (F),+¢)
Furthermore, by the above proposition, we have
AoB, e (RTRn (F),+, O).

So the triple ( RTR,(F),+, O) is closed under the operations
of rhotrix subtraction and multiplication.

Meaning that, the pair (RTRn (F), +) is a rhotrix subgroup
of the rhotrix group (Rn(F), +). Next, the pair
(RTRH(F),O) is a rhotrix subsemigroup of the rhotrix
semigroup ( R, (F), O) .
(RTRn (F),+, 0) satisfies the axiom that, the operation of

rhotrix multiplication should be both left and right distributive over
the operation of rhotrix addition, as in ( R, (F),+ O).

Lastly, the triple

Hence, ( RTR,(F),+, O) is a right triangular rhotrix subring

of (Rn(F),+,O).

Corollary

The right triangular rhotrix subring (RTR_ (F),+, ) of the
full thotrix ring (R, (F),+,©) is embedded in the upper
triangular matrix subring (UTM  (F),+,-) of the full matrix

ing (M, (F),+,-) .

Proof
It is required to show that there is a one-to-one homomorphism

between (RTR (F),+,0) and (UTM, (F),+,-).
So define a mapping

@ (RTR.(F),+,0) > (UTM_(F),+,) by

a
0 Ciy a,
0 o0 ay Ci, Ay,
@ 0 a, =

0 0 Ay Ceonn ez
0 Cie-1)t-) Aty

8y
fa, 0 &, 0 .. .. &y, 0 a, |
0 ¢, 0 ¢, .. .. 0 Ciea) 0
0 0 a, 0 .. .. &y 0 a,,
0o 0 0 oO A1) 0 Ayt
00 0 0 .« .« 0  Cupuy O
0 0 0 0 .. . O 0 a, |

That is ¢ maps each right triangular rhotrix Rn in

(RTRn (F),+, O) to its corresponding filled coupled upper

triangular matrix M in (UTl\/ln (F),+, )

Clearly, ¢ is a 1-1, since

(p(Rn) = (o(Sn):> R,=S,, VR,,S, e(RTRn(F),+,O).
Meaning that no two different rhotrices in ( RTR.(F),+, 0)

may have the same filed coupled matrices in
(UTMn(F),—i-,-). Furthermore, ¢» is a homomorphism,

since forall R, S, € (RTRn(F),+,O), the images of
@ for both (/)(Rn + Sn) = (/)(Rn)+¢)(5n) and
?(R,°S,)=¢(R,)-¢(S,) ae elements in
(UTM J(F),+, ) Thus, ¢ is an injective
homomorphism. Hence, (RTR, (F),+,¢) is embedded in
(UTM, (F),+,-) -

Definition (Diagonal rhotrix)

Mohammed and Okon (2016) said that a rhotrix Rn is a diagonal

rhotrix if all the elements in the vertical diagonal are non-zero,
while others are zeros.
Now, let us denote the set of all diagonal rhotrices of size N in

R.(F)asDR_ (F). Thus,

30
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a

IJ,Clkel:

Theorem

The triple (DR, (F),+, ) which consist of the set of all

diagonal rhotrices of size n over a ring F and together with the
operations of rhotrix addition and row-column based multiplication
is a subring of the non-commutative full

(Ri(F),+.0) .

Proof
Let

A=(p; )=

and

o O

o O

o O

o O

A(t1)-1)

Ct-ny(e-1)

Ay

P
Qs
P2

Pe-1yi-1)
Oy
ptt

The Non-Commutative Full Rhotrix Ring And its Subrings

o

rhotrix

eDR (F)

ring

Bn:<ru'slk>:
h
Sll
0 I,
0
0 0 Fpy
S-1)(t-1)
r

tt

0

< DR (F)

It is simple to show that DR (F) is closed under operations

of rhotrix subtraction and multiplication, since

Pu—hy
Oy =Sy
Py 1y
0 0 Proey Moy
Py —

0 q(tltl Sttt

and

A B

pllrll
qllsll

p22 I’22

0 0 Py eae
0 GyenSeney
pttrn

o

0

0

DR (F)

< DR (F)

So the triple ( DR.(F),+, 0) is closed under the operations
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of rhotrix subtraction and multiplication.

Meaning that, the pair (DRn (F), +) is a rhotrix subgroup of
the rhotrix  group ( R.(F), +) : Next, the pair
( DR, (F), O) is a rhotrix subsemigroup of the rhotrix
semigroup ( R, (F), O) ) Lastly, the triple

(DRn(F), +, 0) satisfies the axiom that, the operation of
rhotrix multiplication should be both left and right distributive over
the operation of rhotrix addition, as in (Rn (F),+, 0).

Hence, (DR, (F),+,0) is a rhotix subring of

(R,(F),+.0)
Corollary
The Diagonal rhotrix  subring (DR, (F),+,0)  of

(R,(F),+,0)is embedded in the diagonal matrix subring
(DM, (F),+,") of (M, (F),+,")

Proof

Let (DR, (F),+,0) be a diagonal rhotrix subring of
(R,(F),+,0)and let (DM, (F),+,-) be a diagonal
matrix subring of (M, (F),+,"),

Where ¢ mapped each diagonal rhotrix R, in DR (F), to

its filled coupled diagonal matrix M, in DM, (F).
Clearly, Qis a 1-1, since

WR,S, (DR (F),+), o(R)=0(S,)= R

Meaning that no two different rhotrices in (DRn (F), +,0)
wil have the same filled coupled matrices in
(DMn(F),+,-). Furthermore, ¢» is a homomorphism,

since for all R, S, € (DRn(F),+,O), the images of
@ for botn @(R +S,)=0(R,)+¢(S,) and
(p(l:\’n OSn)=(p(Rn)-(p(Sn) are  elements in
(DMn(F), +, ) . Thus, ¢ is an injective homomorphism.
Hence, (DR, (F),+,0) s
(DM, (F),+,-) .

embedded in

Definition (Scalar rhotrix)
Mohammed and Okon (2016) said that a rhotrix Rn is a scalar

rhotrix if all the elements in the vertical diagonal are non-zero
scalar, while others are zero(s). Scalar rhotrices are rhotrices of

the form KI, where | is the identity rhotrix and K is a non-

zero constant.
Now, let us denote the collection of all scalar rhotrices of size N

in R (F)as KR, (F).

We define a mapping

¢: (DR, (F),+,0) > (DM (F),+,-) by

Thus,
8
W O KR, (F)=
0 0 a,, 00
Ky
o[ 0 0 J|= 0 x 0
0 0 K,, 0 0
0 0 O O O e LY e e e e
0 Cenen O 0 ... .. .. e e O
8y
[a, 0 0 O ] 0 0 Kipey 0 O
¢, 0 0 .. .. . 0 Kt-1yt-1) 0
0 0 &, 0 .. .. .. 0 0 Ky
8;,Cy € F
Theorem
0 o 0' 0 o o The triple (KR, (F),+,©) which consist of the set of all
c 0 scalar rhotrices of size n over a ring F and together with the
(t-0-D operations of rhotrix addition and row-column based multiplication
L 0 8y | is a subring of the non-commutative full rhotrix ring

(Ri(F),+.0) .
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The triple (KR, (F), +,°)

(R,(F),+,°).
Proof
Let
An plj’plk
pll
0 pu
0 pu
0 pu
0 pu
P
and
n IJ’
M
0 n,
0 0 nr,
0 0 r,
0
M

Itis simple follows that

Am_an

P —
P —
Py —

Py —
P —
P —

is a

M

rhotrix ~ subring  of

0

0

eKR, (F)

eKR (F)

pllrll

pllrll

0 0 pyry 00

O O p11r11 O O

pllrll

pllrll

are elements in KR (F). So the tripIe(KRn(F),+,0) is
closed under the operations of rhotrix subtraction and
multiplication. Meaning that, the pair (KRH(F),+) is a

rhotrix subgroup of the rhotrix group (Rn (F), +) . Next, the
pair (KRn (F), 0) is a rhotrix subsemigroup of the rhotrix
semigroup ( R, (F), 0) :
(KRn(F), +, O) satisfies the axiom that, the operation of

rhotrix multiplication should be both left and right distributive over
the operation of rhotrix addition, as in ( R.(F),+ O).

Lastly, the triple

Hence, (KR (F),+0) is a rhotrix subring of

(R, (F),+).
Corollary
The scalar rhotrix subring (KR, (F), +,0) of the full rhotrix

ring (R, (F),+,0) is embedded in the Scalar matrix subring
(KL, (F),+,") of the ful matrix ing (M, (F), +, ).

Proof
tet  (KR,(F),+,0) be a scalar rhotrix subring of

(R,(F),+,0)and let (KM (F),+,-) be a scalar
matrix subring of (M, (F),+,),

We define a mapping

@ (KR (F),+,0) > (KM, (F),+,-) by

The Non-Commutative Full Rhotrix Ring And its Subrings

33


http://www.scienceworldjournal.org/

Science World Journal Vol 13(No 2) 2018
www.scienceworldjournal.org
ISSN 1597-6343

a,

(] 0 0 =
0O 0 0 0 o
0 a, O
a,

7a11 0 0 O 0 0]

0 a, 0 O 0 0

0 0 a, O 0 0

0 0 o o .. .. .. O 0

0 0 o o .. .. .. g O
| O 0 0 0 .. .. .. 0 a]

Where ¢ maps each rhotrix R, in KR (F), to its filled

coupled matrix M in KL, (F),

Clearly, Qis a 1-1,

since

VR,,S, €(KR,(F),+.), ¢(R)=0(S,)=

Meaning that no two different rhotrices in (KRn (F),+, 0)
wil have the same filed coupled
(KMH(F),+,-). Furthermore, ¢» is a homomorphism,

matrices  in

since for all R, S, € (KRH(F),+,O), the images of
@ for both (p(Rn +Sn):(p(Rn)+gD(Sn) and
P(R,2S,)=p(R,)-0(S,) e
(Kl\/ln (F),+, ) . Thus, ¢ is an injective homomorphism.

elements in

Hence, (KR, (F),+,0) is  embedded  in

(KMn(F),+,-) :

Isomorphism between Some Subrings of Non-Commutative
Full Rhotrix

RING

Theorem

Let @be a mapping from (LTR (F),+,)to

(RTR, (F),+,°) defined by

R

n =

a,
aZl Cll O
Q a, 0 =
Qo Creoyion 0
L
&
0 Cll a12
0 oAy,
0 Ciniy Rt

Ay

Then the mapping ¢ is a rhotrix ring isomorphism.
Proof
Let (LTR,(F),+,0)and (RTR,(F),+,0) be the ring

&fall left triangular rhotrices of size N and the ring of all right
triangular rhotrices of size N respectively. By the hypothesis,
there exists a mapping

@ (LTR (F),+,°) > (RTR,(F),+,°) 3 ga(Rn):
§D(<aijlc|k>) = <aji’ckl>
This is @ homomorphism, since

R” = <ai111 ! C|1k1> =

a21 Cll 0

Ay Crony 0
A

and
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Qn = <bi2j2 ) dlzkz > =
by,

b21 d11 0
btl
bt(t—l) d(t—l)(t—l) 0
btt
implies that:

p(R 0Q,)= ¢(< i jy? Ilk1>o<bi2j2’dl2k2>)

=@ Zall]lblzjz Z I1kldlzk2

ip =1 ok, =1

t t—1
Z ah'lblz'z Z Ckl'ldkz|2
ip =1 Ik =1

<a oy ? k1I1> <b iy ? dk2I2 >

= ¢’(<ai1h >)°(p(<b-zlz d,

=(p(Rn)0(p(Qn)

Also,

(R, +Q,) = ¢(< i, ? Ikl>+<bi2j2’dlzk2>):
(p(<a,h+b,2J2 c,lk1+d,2k2>) <a +b, , ck1|1+dk2|2>

=<aj1i1 kl|1> <b12|2 dk22>
:¢(<ailjl '1k1>)+¢(<bi212'd'2k2>)
=¢(R,)+(Q,)

Finally, ¢ is a bijection because the kernel and image of ¢ are

respectively as follows:

ker(p) =
{1, €(LTR (F),+):(l,) =

and

I, € (RTR,(F),+0)}

Conclusion

The concept of non-commutative rings of rhotrices and their
generalization as non-commutative full rhotrix ring had been
introduced. The subrings of the non-commutative full rhotrix ring
were determined. It was also shown that the non-commutative full
rhotrix ring is embedded on the well-known non-commutative full
matrix ring. Furthermore, it was also established that a particular
subring of the non-commutative full rhotrix ring is embedded on a
particular subring of the non-commutative full matrix ring. At the
end, we investigated some isomorphic relationship between some
subrings of the non-commutative full rhotrix ring. In the future, it
may be interesting to consider a number of topics on non-
commutative rhotrix ring such as computing finite non-
commutative rings of rhotrices, investigation of its ideals and
quotients rings, and also mappings of non-commutative rings of
rhotrices.
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