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ABSTRACT

The purpose of this paper is to introduce the concept of a-Cuts
and their properties in multi Q-fuzzy sets. In addition, both first
and second decomposition theorems were established and
proved. It is shown that any Multi Q-fuzzy Set can be represented
as the union of its special a-cuts as well as its special strong a-
cuts.
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1. INTRODUCTION

A fuzzy set which is a generalized set of objects occurring with a
continuum of degrees of membership was introduced by (Zadeh,
1965); he further showed the application of a-cuts to fuzzy sets.
For the basics of fuzzy set and its applications refer to (Brown,
1971; Singh et al., 2015; Goguen, 1967; Wygralak, 1989; Chutia
et al., 2010; Dutta et al., 2011; Klir and Yuan, 1995; Kreinovich,
2013). Singh et al. (2014) studied o-cuts and some of its
properties in fuzzy multisets. Multi Q-fuzzy set was studied in
various contexts in (Adam and Hassan, 2014a; Adam and
Hassan, 2014b; Adam and Hassan, 2015; Adam and Hassan,
2016); were its relevant applications were shown.

In this paper, a-cuts and their properties in Multi Q-fuzzy sets
were studied.

2. Preliminaries

Definition 2.1 Multiset

An mset A drawn from the set X is represented by a function
Count A or C, defined as C,: X — N. One way of representing
a multiset A from X with x; appearing k, times, x, appearing k,
timesetc.,is A = {ki/x1,k2/%3, ..., kn/xp}, Where x; € X.

Let A and B be two msets drawn from a set X. Then

A € BiffCy(x) < Cg(x)forall x € X.

A = Biff C4(x) = Cg(x) forall x € X.

AU B =max{C4(x),Cg(x)}forall x € X.

AN B =min{C,(x), Cg(x)}forall x € X (Jena et al., 2001)

Definition 2.2 Fuzzy Multiset

A fuzzy multiset A is a multiset of pairs, where the first part of
each pair is an element of a universe set X and the second part is
the degree to which the first part belongs to that fuzzy multiset.
Thatis, A: X X I — N;where I = [0,1] and N is the set of
positive integers including 0 (Syropoulos, 2012).

Let A and B be fuzzy multisets. Then, Lengths L(x; A) and
L(x; A, B) are respectively defined as
L(x; A) = max{j:ui(x) * 0}; and
L(x; A,B) = max{L(x; A),L(x; B)}.
For brevity, L (x) for L (x; A) or L (x; 4, B) is also used if no

confusion arises.

Note that for defining an operation between two fuzzy multisets A
and B, the lengths of the membership sequences
pa (), 15 (), oo, gy () and i (x), B (%), ..., b (x) need to
be set equal.

Let 4, B be fuz;y multisets. Then
AUB =, (0) = py () vV ug(x),j = 1,...,L(x),vx
€ X.
ANB = ‘uimB(x) = yi(x) Ay{g(x),j =1,..,L(x),vx
_ S X._
AcB e () <up(x),j=1,..,Lx),vx €X.
Thus, A=B<= AcB and Bc A

Definition 2.3 Multi Q-fuzzy Set

Let I be a unit interval [0, 1], k be a positive integer, U be a
universal set and Q be a non-empty set. A multi Q-fuzzy set 4,
in U and Q is a set of ordered sequences:

Ag = {((w @), (1w @), ua(, @), o, i (u, Q))):u €
U,q € Q}, Where y;(u,q) € I'foralli = 1,2, ... k.

The function (uy(w,q), ua(u, @), ..., i (u, q)) is called the
membership function of multi Q-fuzzy set Ay and uy(u, q) +
p2(u, @) + -+ e (u, ) < 1, ks called the dimension of A,
(Adam and Hassan, 2014a).

In other words, if the sequences of the membership functions
have only k-terms (finite number of terms) the multi Q-fuzzy set is
a function from U x Q to I* such that for all (u,q) € U x Q,
Hag = (11w, @), 2w, @), ., i (w, q)). The set of all multi
Q-fuzzy sets of dimension k in U and Q is denoted by
M¥*QF(U)

3. The Concept of a-cuts in Multi Q-fuzzy set

Definition 3.1 a-cuts in multi Q-fuzzy set
Let Ag € M¥QF(U) and a € [0,1]. Then the a —cut of Ay,
denoted “A, is defined as
g = {(u, Q)i tay (W, q) = a}.
The strong a —cut of A, denoted “* 4, is defined as
“ag = {(w @) i, q) >

Theorem 3.2 Let Ay, B, € M¥QF (U) and a € [0,1]. Then

(i) Ao € %Ay

(i) fa, < a, = 4, € "4,
(iii) %(AgUBy) = %Aq U “By
(iv) %(AgNBy) = “Ag N “By
(v) “(AqQUBy) = “tAq U “'B,
(vi) “(AgNBy) = “TAg N “"B,
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Proof
Observe from definition 3.1; a —cut always contains strong

a —cut.
From definition 3.1; observe that
a, automatically “*A,, will contain “2A4 .

Let (w,q) € “(A4gUBy) = HEAQUBQ)(u, qQ=ai=
1,2,...k

whenever a; <

= max [#ZQ(u, q),MEQ(u, q)] >ai=12 ..k
=, @) 2 a or pp,(wq) 2ai=12..k
= (u,q) € “4y or (u,q) € *B,
= (u,q) € “Aq U “By
= Y(AgUBj) € “45 U “B,,.
Suppose (1, q) € “Ag U “By
= (u,q) € "Aq or (u,q) € “By
= b, q) 2 a or ph (wq) 2 ai=12 .k
= Uipqusy @ @) = @i =12,..k
= (u,9) € “(Aq U By)
Thus, the result follows.

The proof follows similarly from (iii).
The proof follows similarly from (iv).

a+ : .
Let (wq)€ (4gNBy) = Hangy, W @) > a,i =
1,2,..,k

= min [ih, (w, @), ks, (W, @] > @i = 12, k
= ph,(w,q) > ai=12,..,k and
b, (0 @) > @i =12,..,k
= (u,q) € “*A, and (u,q) € “*B,
= (u,q) € “TAg N B,
= 0{+(AQ n BQ) c a+AQ n UC+BQ.
Also, let (u, q) € “TA, N **B,
=g €A and (u,q) € “*B,
= who(w, ) > and ph,(wq) > a,i=12,..k
= Uagnep W @) > a,i=12,.. k
= (1,q) € “T(4g N By)
= YA, N By € “*(Ap N By).
Hence, “*4, U **By = “*(44 N By).

Definition 3.3 Decomposition of Multi Q-fuzzy Soft Set

Let U = {u;,uz}, Q ={p,q,7} and a multi Q fuzzy set A,

over u and Q be Ag =

{((uy,p),0.3,0.2,0.5), ((u4, @), 0.2,0.8,0),
((uy,7),0.1,0.5,0.3), ((uz,p), 0.3,0.1,0.2),
((uz,),0,0.3,0.7), ((u,1),0.2,0.3,0.1)}.

Let have the following distinct a-cuts defined by characteristic

functions viewed as special membership functions:

144 = {((uy,p), 1,1,1), ((wy, @), 1,1,0),
((1,7),1,1,1), (w2, p), 1,1,1), (42, 9),0,1,1),
(g, 1,1,1)} @ = 0.1.

244 = {((u1,p), 1,1,1), ((u1,9), 1,1,0),
((uy,7),0,1,1), ((uz,0),1,0,1), ((uz,9),0,1,1),
((uz,7),1,1,0)}, ¢ > 0.2.

349 = {((@y,p), 1,0,1), (w1, 9),0,1,0),
((uy,7),0,1,1), ((uz,p),1,0,0), ((uz,9), 0,1,1),
((UZ,T), 0:1:0)}. a = 0.3.

544 = {((u1,9),0,0,1), ((u1,9),0,1,0),
((uy,7),0,1,0), ((u2,0),0,0,0), ((uz,9),0,0,1),
((u3,7),0,0,0)}, & > 0.5.
°7Ag = {((@y,p),0,0,0), (1, 9),0,1,0),
((uy,7),0,0,0), ((u2,0),0,0,0), ((uz,9),0,0,1),
((u3,7),0,0,0)}, ¢ > 0.7.

49 = {((u1,),00,0), ((u1,),0,1,0),
((uy,7),0,0,0), ((u2,),0,0,0), ((uz,9), 0,0,0),
((u3,7),0,0,0)}, @ = 0.8.

Thus, converting each of the above a-cuts to a special Multi Q-

fuzzy Set A, defined for each (u, q) € 4, as
alg = a.(“Ay)
We get

014¢ = {((u1,p),0.1,0.1,0.1), ((uy, 9),0.1,0.1,0),
((uy,7),0.1,0.1,0.1), ((uy,p), 0.1,0.1,0.1),
((u2,9),0,0.1,0.1), ((uz,7),0.1,0.1,0.1)},
024¢ = {((u1,p),0.2,0.2,0.2), ((uy, 9),0.2,0.2,0),
((ug,7),0,0.2,0.2), ((uz,p),0.2,0,0.2),
((uz,9),0,0.2,0.2), ((uy,1),0.2,0.2,0)},
034¢ = {((u1,p),0.3,0,0.3),((u4,9),0,0.3,0),
((uy,7),0,0.3,0.3), ((uz,p),0.3,0,0),
((uz,9),0,0.3,0.3), ((u3,7),0,0.3,0)3},
os4g = {((u1,p),0,0,0.5), ((u4,9),0,0.5,0),
((uy,7),0,0.5,0), ((uz,p), 0,0,0),
((uz,9),0,0,0.5), ((uz,7),0,0,0)3
074¢ = {((u1,1),0,0,0), ((uy,9), 0,0.7,0), ((uy,7), 0,0,0),
((uz' P)' 0'0'0)' ((u2! Q), 0!0'0'7);
((uy,7),0,0,0)3,
0.84q
= {{((u1,),0,0,0), ((uy,),0,0.8,0),((uy,7),0,0,0),
((uz,p),0,0,0), ((u2,9),0,0,0),
((uy,7),0,0,0)}

It is easy to see that ;44U 240U 0349V gs5dqV
0.7AQ U 0.8AQ = AQ.

In other words, any Multi Q-fuzzy Set A, can be represented as
the union of its special a-cuts ,Agq, and this representation is
usually referred to as Decomposition of A,.

Moreover, if for each (u, q) € Ag, 4+A4¢ is defined as

l1+AQ = Q. (a+AQ), ...................................... (2)
we can see that by using a similar arguments, a Multi Q-fuzzy Set
A, can be represented as the union of its special strong a-cuts

«+4¢q, known as Decomposition of that Q-fuzzy Set.
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Theorem 3.4 First Decomposition Theorem
Let Ag € M¥QF(U), then Ay = Uqefo1] aAo, Where A is
as defined in (1).

Proof

Foreach(u, q) € Ay, lety = uj;Q(u,q),i =12,..k

Then for every a € (y,1] we have,uqu(u, Q=y<ai=
1,2,..., k. Thus, 4Aq = 0.

On the other hand, for every a € (0, y] we have MZQ wq =
y2ai=12,..,k.

Thus, 44, = a.

Hence, (Ugegon] «do) (W, q) = Zléz(’o,y] a=y=
,uf;lQ(u,q),i =12,..,k.

As the same argument is valid for each (u,q) € Ay, it follows
that each multi Q-fuzzy set can be uniquely represented as the
family of all its & —cuts.

Theorem 3.5 Second Decomposition Theorem
Let Ay € M*QF(U), then Ay = Ugefo,1] a+Ag, Where 41 Aq
is as defined in (2).

Proof

The proof is analogous to that of the above theorem.
Foreach (u,q) € A, lety = ui,o(u, Q),i=12,..,k. Then,
(Uaeroa] a+4o) (wq) = i:?o,l] atdy =

Sup  a+ Sup  a+
a€(0,y] AQ' a€e(y,1] AQ]' s
up

Hence, (Uth[O,l] a+AQ) (u' CI) = ae(0y] a=y=
Hao @), i =12, .., k.
As the same argument is valid for each (u,q) € Ay, it follows

that each multi Q-fuzzy set can be uniquely represented as the
family of all its strong a —cuts.

max|

Conclusion

The idea of a-Cuts which was first applied to fuzzy set is
extended to Multi Q-fuzzy set. It is shown among others that the
a-Cut of the union of two multi Q-fuzzy set is the same as the
union of their a-Cuts, and the a-Cut of the intersection of two
multi Q-fuzzy set is the same as the intersection of their a-Cuts. It
is further shown that, the same result is obtained with strong a-
Cuts.
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