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ABSTRACT

The paper presents the concept of multi-fuzzy set and its
operations. In addition some algebraic structures of multi-fuzzy
set were introduced; in particular, the lattice structures,
semigroups and groupoids of multi-fuzzy set were established.
Some related results were also provided.
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1. INTRODUCTION

A fuzzy set which is a generalized set of objects occurring with a
continuum of degrees (grades) of membership was introduced by
Zadeh (1965) to model vagueness and other loose concepts. An
extensive representation of fuzzy sets was found in (Zadeh, 1965;
Klir and Folger, 1987). Yager (1986) initiated the theory of fuzzy
multisets which model the case where indistinguishable objects
possess a particular property to a certain degree. Moreover, if we
go the other way and fuzzify the number of occurrences of each
object, then we get a multi-fuzzy set which was introduced in
order to fuzzify the basic property of multisets and to further
define multisets where the number of occurrences forms a fuzzy
set (Blizard, 1989). For an overview and applications of the
theories of multisets, fuzzy multisets and mult-fuzzy sets refer to
(Blizard, 1991; Kosko, 1992; Singh et al., 2008; Isah and Tella,
2015; Singh and Isah, 2016; Isah, 2019). As certain algebraic
structures have found applications in formal language theory,
computer science, sequential machines etc., (Knuth, 1981;
Tremblay and Manohar, 1997; Priss and Old, 2006; Singh and
Isah, 2015), this paper aimed to introduce some algebraic
structures of multi-fuzzy sets.

2. Preliminaries

2.1 Fuzzy Sets [Zadeh, 1965; Klir and Yuan, 1995]

Definition 2.1.1 A fuzzy set (class) A in X is characterized by a
membership function w4 (x) which associates with each point x
in X, a real number uj (x) in the interval [0, 1]. The value of
wx (x) represents the grade of membership of x in A.

Let A and B be two fuzzy sets, then
(@) Ac Bifandonlyif
pa(x) < pp(x), xeX.
(b) Au B = C such that
te (x) = max[uy (x), uz (x)], vx € X.
() AnB = C suchthat
pe (x) = minfuy (), uz ()], vx € X.

Example 2.1.2
let A = {(x,0.1),(y,0.4),(z0.7)} and
{(x,0.6), (¥,0.3), (z,0.2)} be fuzzy sets, then

¢
I

AUB = {(x,0.6),(y,0.4),(z,0.7)} and AnB =

{(x,0.1),(y,0.3),(z0.2)}.
2.2 Multisets [Blizard, 1991; Singh et al., 2008]

Definition 2.21 Let X = {x;,x5,x3,,x;,~*} be set. A
multiset or mset A over X is a cardinal-valued function i.e.,
A:X - N ={0,1,2,---} such that for x € Dom(A) implies
A(x) is a cardinal and A(x) = my(x) > 0, where my(x)
denotes the number of times an object x occurs in A.

Let A be a multiset containing one occurrence of a, two
occurrences of b, and three occurrences of ¢, then A can be
represented as A = [[a,b,b,c,c,cl] = [a,b,b,c,c,c] =
[a,b,cli23 = [a,2b,3c] =[a.1,b.2,c.3] =
[1/a,2/b,3/c] = [a', b2, c3] = [a® b? c3]. For
convenience, the curly brackets are also used in place of the
square brackets.

Definition 2.2.2 Let A and B be two msets over a given domain
set X. Then

(@) A< Bifmy(x) <mp(x),Vx €X.

(b) A= Bifmy(x) =mg(x),vx €X.

() AuUB =max[my(x),mg(x)],vx €X.

(d) AN B =min[m,(x), mg(x)],vx €X.

() A+ B = AWB = my(x) + mg(x),vx € X.

(fl  A—B =max[my(x) —mg(x),0],vx €X.

Example 2.2.3

Let A=1[7/a,4/b,3/c] and B = [1/a,3/b,2/c] be msets

over X = {a, b, c}, then

AUB =[7/a,4/b,3/c],

B =[8/a,7/b,5/c] and
A—B=1[6/a,1/b,1/c].

ANB =[1/a,3/b,2/c], A+

2.3 Multi-fuzzy sets [Syropoulos, 2006]

Definition 2.3.1 Let X be a (fixed) universe, then a multi-fuzzy set
Ais afunction A: X - Ny X I, where N, is the set of all positive
integers including zero and I = [0,1]. Thus A(x) = (n,i)
denotes that the degree to which x occurs n times in the multi-
fuzzy set is equal to i.

Let A be a multi-fuzzy set, then
(@) the multiplicity function is defined as A, (x): X - N,
and
(b) the membership function is defined as p,(x): X — I.
Obviously, if A(x) = (n,i),then A, (x) =nand uy(x) =i.

Definition 2.3.2 Let A and B be two multi-fuzzy sets over X, then
Sub multi-fuzzy set:
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AC BifA,(x) < B,(x)and uy(x) < ug(x),vx €X.
Their Equality:
A=BifA,(x) = B, (x)and uy(x) = ug(x),vx €X.
Their Union is

(AuB)(x)

= (max{Ap, (x), Bn(x)}, max {u, (x), up (x) }), Vx € X.
Their Intersection is

(AnB)(x)

= (min{Ay, (x), Bn ()}, min {4 (x), up(x) ), vx € X.
Their Sum is

(AYB)(x) = (A (x) + Bp(x), (ua + pp)(x)), Vx € X,
where (ug + pg)(x) = wg () + pp (x) — ug (x) pp (x).
Their Difference:
A © B = (max{4,,(x) —
Bm(x)r 0} ’ min{,uA(x)r Up (x)})' Vx € X.
Their Symmetric Difference:
AAB = (|An(x) = B (x)], [ua(x) — pp(x)]), Vx € X.

Example 2.3.3

Let A =1{3,05)/x,5,0.7)/y,(7,04)/z} and B=
{(2,0.2)/x,(4,0.8)/y, (5,0.3)/z} be two Multi-fuzzy sets over
X ={x,y,z}. Then

AU B = {(3,0.5)/x,(5,0.8)/y, (7,0.4)/2}
AN B ={(2,0.2)/x, (4,0.7)/y, (5,0.3)/2}
AYB = {(5,0.6)/x, (9,0.94)/y, (12,0.58)/z}.
A© B ={(1,02)/x,(1,0.7)/y, (2,0.3)/2}
A A B ={(1,03)/x,(1,0.1)/y,(2,0.1)/z}

3. Some Algebraic Structures of Multi-fuzzy Sets

Proposition 3.1 Let L be the collection of all multi-fuzzy sets over
X,andlet 4, B, C € L then
(L, V) is a commutative, idempotent semigroup.

Proof

Let A€EL and x €EX, then

(max{Ay, (), Ay ()}, max{p, (x), ua(x)3})
= (A (), ua(x)) = A(x)

i.e., (L, V) isidempotent.

(AvA)x) =

let ABe€eL and x €X, then
(max{Ap (x), By ()}, max{p, (x), s ()}

(AUB)(x) =

(max{ By (), A ()}, max{its (0), 14 (0)})
= (B U A)(x)
i.e., (L, V) is commutative.

let A,B,CeL and x €X, then (AU(BUC))(x) =
(max{Ap (x), max{B, (x), C;n(x)}},

max{u, (x), max {up(x), uc(x)}})

= (max{An (x), Bp (x), Cpn(x)},
max{u, (x), pg (%), pic ()}
= (max {max{An, (x), By (%)}, Crn(x)},

max {max{u, (x), ug(x)}, pc ()}

(AuB)uO)(x)
i.e., (L, V) is associative.
Thus, (L, V) is commutative, idempotent semigroup.

Proposition 3.2 Let L be the collection of all multi-fuzzy sets over

X,andletA4,B,C € L then
(L, n)is acommutative, idempotent semigroup.

Proof

LetA € Land x € X, then

(AN A)(x) = Min{An, (x), An ()}, minfu, (x), ua ()}
= (Am (), 14 () = A®)

i.e., (L, N)isidempotent.

LetA,B € Land x € X, then
(AN B)(x) = (min{Ap (x), By ()}, min{u, (x), up(x)3)
= (min{ B (x), Am (x)}, min{pup (x), pa(x)})
=(BnA)(x)
i.e., (L, n)is commutative.

LetA,B,C € L and x € X, then
(An (B nO)(x) = (min{Ay, (x), min{By, (x), Crn(x)}},
min{u, (x), min {up (x), pc ()3}
= (min{4;, (x), B (x), Cn (1)},
min{p, (x), up (x), uc(x)})
= (min {min{An, (x), B (x)}, Crn ()},

min {min{p, (x), pp(x)}, uc ()

((AnB) N C)(x)
i.e., (L, n)is associative.
Hence, (L, N) is commutative, idempotent semigroup.

Proposition 3.3 Let L be the collection of all multi-fuzzy sets over
X,andlet A, B € L then
the following hold.
. (AUB)NA=A4A
i, (ANB)UA=A
Proof
i. Let AL BEL and x €X, then ((AUB)NA)(x) =
(min{max {4, (x), By (x)}, Am ()},
min{max {p,(x), ug(x)}, a(x)})
if Ap(x) < Bp(x) and py(x) < ug(x) we have
((AuB)nA)(x)
= (min{ By (x), Am ()}, min{up (x) , ua (x)})
= (A (x), pa(x))
= A(x).

if Ap(x) < Bp(x) and py(x) > ug(x) we have
((AuB)N A)(x)
= (min{ By (x) , A (x)}, min{u, (x), pta (x)})
= (A (), pa(x))
= A(x).
if Ap(x) > Bn(x) and pu(x) < pg(x) we have
((AuB)NA)(x)
= (min{ Ay (x) , A ()}, min{pg (x) , 14 (x)})
= (A (), pa(x))
= A(x).
if A,(x)>B,(x) and py(x) > pug(x) we have
((AuB)nA)(x)
= (min{ Ay (x) , Ay ()}, min{p, (x) , 1A (X)})
= (A (x), pa(x))
= A(x).
if Ap(x) =Bn(x) and pu(x) = ug(x) we have
((AuB)NA)(x)
= (min{ A (%), Ay ()}, min{p, (x) , pa (x)})
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= (A (x), pa(x))
= A(x).

if A,(x)=By,(x) and u,(x) < ug(x) we have
(AuB)NA)(x)
= (min{ A (x) , A (O}, min{ug (x) , 14 (x)})
= (A (), 14 (%))
= A(x).
if A,(x)=By,(x) and u,(x) > ug(x) we have
((AuB)NA)(x)
= (min{ A (x) , A ()}, min{p, (x) , s ()})
= (A (), pa(x))
= A(x).
if Ap(x) < Bn(x) and py(x) = ug(x) we have
(AuB)NA)(x)
= (min{ B (x) , A ()}, min{u, (x), 14 (x)})
= (Am(x)r Ha (X))
= A(x).
if Ap(x) > B,(x) and py(x) = ug(x) we have
((AuB)NA)(x)
= (min{ Ap (x) , A ()}, min{u, (x) , 14 (x)3)
= (A (), 14 (%))
= A(x).
Thus, AUB) N A = A.

([iH((ANBYUA)(x) =
(max{min {4, (x), By (x)}, A (x)},
max{min {4 (x), up ()}, a ()}
if A,(x) <By,(x) and u,(x) < pg(x) we have
(AnBYUA)(x)
= (max{ Ap(x), A ()}, max{p, (x) , ua ()})
= (Am(x)r Ha (X))
= A(x).
If  Ap(x) < Bp(x) and py(x) > ug(x) we have
(AnB)u4)(x)
= (max{ A (x), A ()}, max{ug (x) , us (x)})
= (A (), pa(x))
= A(x).
If  Ap(x) > Bn(x) and pu(x) < ug(x) we have
(AnB)uA)(x)
= (max{ By (x) , A ()}, max{u, (x) , ua(x)})
= (Ap (), 14 (%))
= A(x).
If  Ap(x) > Bn(x) and pu(x) > ug(x) we have
(AnB)UA)(x)
= (max{ B (x), A ()}, max{ug(x), 4 (x)})
= (A (), pa(x))
= A(x).
If A,(x) =B,(x) and py(x) = ug(x) we have
(AnB)uA)(x)
= (max{ Ap(x), A (0}, max{pa (x) , ua(x)})
= (An (), 1a(x))
= A(x).
If A,(x) =B,(x) and py(x) < ug(x) we have
((AnB)uA)(x)
= (max{ Am(x), Am ()}, max{pa (x) , s (x)})
= (A (), pa(x))
= A(x).

If  A,(x) =B,(x) and py(x) > pug(x) we have
(AnB)uAa)(x)
= (max{ Ap(x), A (0}, max{up (x) , ua (x)})
= (A (), 1a(x))
= A(x).
If A,(x) <B,(x) and py(x) = pug(x) we have
(AnB)uA)(x)
= (max{ Am(x), A ()}, max{p, (x) , s (x)})
= (A (), pa(x))
= A(x).
If  Ap(x) > Bn(x) and py(x) = ug(x) we have
((AnB)UA)(x)
= (max{ B, (x) , A ()}, max{p, (x), 1a (x)})
= (A (), pa(x))
= A(x).
Hence, (AN B) U A = A.

Proposition 3.4 Let L be the collection of all multi-fuzzy sets over

X,andlet 4, B, C € L then
i. AUu(BnC
ii. An(BucC

)=AUB)N(AUC(C)

)=ANB)UANC)

Proof

(JLetx € Xand A,B,C € L,then (AU (BN C))(x) =
(max{Am (x), min{Bp, (x), Crn(x)}},
max{p, (x), min {up (x), pc ()}})

= (min {max{4, (x), B, (x)},
max{An(x), Cr, )},
(min {max{u, (x), up (x)3},
max{u,(x), pc(x)3}}),
= (min {max{A, (x), B, (x)},
max{u, (x), up(x)}}),
(min {max {{A, (x), C;n(x)},
max{, (x), uc ()},
=(AUB)N(AUC))(x)
e, AUBNC)=(AUB)N(AUC).

(if(An(BUCO)X) =
(min{Am (x), max{B, (), Cm (X)}},
min{u, (x), max {up(x), uc(x)3}})
= (max {min{4,, (x), B, (x)},
min{A,,(x), C,()}}),
(max {min{u, (x), up (x)3},
min{u, (x), uc (O,
= (max {min{4,, (x), B, ()},
min{u, (x), up ()3},
(max {min {{A,(x), C;n ()},
minfu, (x), pie (x)}
=({ANB)U(ANnC))(x)
ie,AN((BUC)=(ANB)UANC).

Proposition 3.5 The structure (L,U,N) is a bounded distributive
|attice.

Proof

By propositions 3.1, 3.2, 3.3 and 3.4, (L,u,n) is a bounded
distributive lattice with the empty and universal multi-fuzzy sets as
the lower and upper bounds, respectively.
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Proposition 3.6 Let A be a multi-fuzzy set over X and P(A) be
the power multi-fuzzy set of 4, then (P(4),U,n) is a sub lattice
of (L,U,n) with empty multi-fuzzy set and A as the lower and
upper bounds, respectively.

Proposition 3.7 Let A, B,C be multi-fuzzy sets over X, then
(L, W) is a commutative semigroup.

Proof
LetA,B € Land x € X, then
(AU B)(x) = (An(x) + By (), pa(x) + pp(x))
= (B () + A (%), up(x) + pa(x))
=(BYA)(x)
i.e., (L, ) is commutative.

LetA,B,C € Land x € X, then

(AY (BYO)(x) = (An(x) + (B (x) + Cn(x)), ua(x)
+ (up (%) + pp(x)))
= ((Am (%) + By (x)) + G (x), (a(x) + pp (x))
+ up(x))
=((AuB)uO)(x)
i.e., (L, ) is associative.
Hence, (L, ) is a commutative semigroup.

Remark 3.8
Proposition 3.1 fails for (L, ).
Counter Example
let A = {(3,0.5)/x,(5,0.7)/y, (2,0.4)/z}, then
AW A = {(6,0.75)/x,(10,0.91)/y, (4,0.64)/z} # A.

Remark 3.9

Proposition 3.3 fails for (L, ).

Counter Example

Let A ={(13,0.1)/x,(4,0.2)/y,(7,0.6)/z} and B =
{(3,0.3)/x,(14,0.8)/y,(1,0.1)/z} be two Multi-fuzzy sets
over X = {x,y,z}. Then

AWB = {(16,0.37) /x, (18,0.84)/y, (8,0.64) /z}.
(AYB) N A = {(16,0.37)/x, (18,0.84) /y, (8,0.64)/z}
N {(13,0.1)/x, (4,0.2)/y, (7,0.6)/z}
= {(13,0.1)/x, (4,0.2)/y, (7,0.6)/z} # A.

Proposition 3.10 Let L be the collection of all multi-fuzzy sets
over X, the (L, ©) is a non-commutative, non-idempotent
groupoid.

Proof
Counter Example
let A = {(3,0.5)/x,(5,0.7)/y, (2,0.4)/z}, then
A O A={(0,0.5)/x,(00.7)/y,(0,0.4)/z} # A.
Therefore, (L, ©) is non-idempotent.

let A =1{(3,0.5)/x,(5,0.7)/y,(2,0.4)/z} and
{(4,0.6)/x,(8,0.3)/y,(9,0.2)/z}
A© B ={(0,0.5)/x,(0,0.3)/y,(0,0.2)/z}
#B 6 A=1{(,0.5)/x,(3,0.3)/y,(7,02)/z}
Therefore, (L, ©) is non-commutative.
Moreover, forany A, BE€ L, A©B € L.

then B =

Hence, (L, ©) is non-idempotent, non-commutative groupoid.

Proposition 3.11 Let L be the collection of all multi-fuzzy sets
over X, then (L, A) is a commutative groupoid.

Proof
LetA,B € Land x € X, then
(A A B)(x) = (I14m(x) = B (), lna(x) — up (1)
(1B (x) = A (O, |pg (x) — na(0))
=B 2aA)x
i.e., (L, A)iscommutative.
Moreover, forall A,B € L,AAB € L.
Hence, (L, A) is a commutative groupoid.

Remark 3.12
(L, A)is non-idempotent.

Counter Example
let A = {(3,0.5)/x,(5,0.7)/y, (2,0.4)/2}, then
AAA={0,0)/x(00)/y, (0,0)/z} # A.

Remark 3.13
(L, A)is non-associative.

Counter Example

let A ={(3,0.5)/x,(50.7)/y,(2,04)/z},B =

{(4,0.6)/x,(8,0.3)/y,(9,0.2)/z} and
¢ ={(1,0.5)/x,(3,0.3)/y,(7,0.2)/z}

AAB=1{(1,01)/x,3,0.4)/y,(7,0.2)/z}
(AAaB)AC=1{(0,04)/x,(00.1)/y,(1,0)/z}
B AC ={(301)/x(5,0)/y,(20)/z}
AA (B aC) ={(004)/x,(0,0.7)/y,(0,0.4)/z}
Thus,
(AABYAC+AA(BAC).

Conclusion

Using multi-fuzzy set operations, some algebraic structures were
introduced. It is established that, as the class of all multi-fuzzy set
over a set together with the operations of union and intersection
formed a bounded distributive lattice, the power multi-fuzzy set
with similar operations formed its sub lattice. Other operations
were also used to form groupoids and monoids. The
constructions made in this paper are useful tools in mathematics,
computer science and other sciences efc.
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