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ABSTRACT

Let R be aprime ring and F a multiplicative (generalized) reverse-
derivative associated with mapping d on R. In this paper, we prove
the commutativity of prime rings involving multiplicative
(generalized) reverse- derivation. In addition, we prove that; for a
primering ,if d(x)d(y) £ xy = 0forallx,y € Rthend = 0,
whered is a skew- derivative associated with an
automorphism 8: R = R.

Keywords: Prime ring, derivation, generalized derivation,
multiplicative (generalized)-reverse derivation, skew derivation.

INTRODUCTION

In this paper, the symbol [x,y] and (xoy), represent the Lie
product xy — yx and the Jordan product xy + yx, respectively,
where x,y € R.Aring R is called prime if aRb = {0} for any
a,b € R, implies that a =00r b =0 and is said to be
semiprime if aRa = 0 for any a € R, implies that a = 0.
Bresar & Vukman (1989) defined an additive mapping as follows:
amapping f is said to be an additive mappingon R if f (x + y) =
f(x) + f(y) for all x,y € R. According to Posner (1957) a
mapping d:R — Ris said to be a derivation if d(xy) =
d(x)y + xd(y),forall x,y € R.If d isanadditive mapping then
d is said to be a derivation on R. Also an additive mapping F: R —
R is called generalized derivation if there exists a derivation
d:R - R suchthat F(xy) = F(x)y + xd(y),forall x,y € R.
The notion of multiplicative derivation was first introduced by Daif
(1997), according to him, a mapping D:R — R is called
multiplicative derivation if it satisfies D(xy) = D(x)y + xD(y),
for all x,y € R where the mappings are not supposed to be an
additive. Further Daif and Tammam El-sayiad (1997) extended
multiplicative derivation to multiplicative generalized derivation,
thatis, a mapping F on R is said to be a multiplicative generalized
derivation if there exists a derivation d on R such that F(xy) =
F(x)y + xd(y), for allx,y € R. From the definition of
multiplicative generalized derivation if d is any mapping not
necessarily additive then F is said to be multiplicative (generalized)
derivation. Recently Dhara & Ali (2013) gave a more precise
definition of multiplicative (generalized) derivation as follows: A
mapping F:R — R is said to be a multiplicative (generalized)
derivation if there exists a map g on R such that F(xy) =
F(x)y + xg(y), forall x,y € R. Where g is any mapping on R
(not necessarily additive). Therefore the concept of multiplicative
(generalized) derivation cover the concept of multiplicative
derivation and multiplicative generalized derivation.

The notion of reverse derivation was initiated by Herstein (1957).
According to him, an additive mapping d on R is said to be reverse
derivation if d(xy) = d(y)x + yd(x), for allx,y € R. While

according to Abobakar & Gonzles (2015), the generalized reverse
derivation is an additive mapping F: R — R if there exists a
mapping d:R — R such that F(xy) = F(y)x + yd(x), for
allx,y e R. A mapping F:R— R is called multiplicative
(generalized)-reverse derivation if F(xy) = F(y)x + yd(x),
for all x,y € R, where d is any mapping on R and F is not
necessarily additive Tiwari et al., (2015).

In this present paper, we establish the commutativity of prime rings
involving multiplicative

(generalized)-reverse derivation on R.

MAIN RESULTS

Theorem 1

Let R be a prime ring and F be a multiplicative (generalized) -
derivative associated with mapping d on R. If F (x)F (y) + xy =
Oforallx,y € Rthend = 0.

Proof. First we consider the case
FF() +xy =10 (1

for all x, y, € R. Substituting yz instead of y in equation (1), we
obtain
F(X)F(yz) +xyz=10
F(xX)(Fy)z+yd(2)) +xyz=0
F(X)F)z+ F(x)yd(z) + xyz=0

But F(x)F(y) = —xy
Therefore, —xyz + F(x) yd(z) + xyz =0
F(x)yd(z) + xyz — xyz = 0,
forallx,y,z € R (2)
Substituting xr instead of x in equation (2)

F(xr)yd(z)=0

(F(x)r +xd(r))yd(z) =0

F()ryd(z) + xd(r))yd(z) =0V x,y,z€R (3)
Substituting ry instead of y in equation (2), we obtain
F(x)ryd(z) =0 4)
Subtracting equation (3) from equation (4), we obtain

xd(r)yd(z) =0,V x,y,7,z€R (5)

Replacing xd () by d(t) in (5), we get
d(t)yd(z) =0V y,t,z€eR
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Since d is mappingon RV y,t,z € R.
This implies that, d(t)Rd(z) =0V t,z € R

Therefore, by primeness of R, we obtain d(t) = 0 ord(z) = 0.
Using similar approach we can prove that the same result holds for

F(x)F(y) —xy =0V x,y,1,z €ER.
Theorem 2
Let R be prime ring and F be a multiplicative (generalized)
reverse- derivative associated with mapping don R. If
F(x)F(y) £ xy = O0forall x,y € R then R is commutative.

Proof: first we consider the case,
FX)F(y)+xy=0 (6)

for all x, y, € R. Substituting zy instead of y in equation (1), we
obtain

F(x)F(zy) + xy = 0,forall x,y,z € R.

By definition of generalized derivation, we have

FO)(FO)z+yd(2)+xy =0
FO)(F()z+F(x)yd(2)) +xy =0
But F(x)F(y) = —xy
—xyz + F(x)yd(z) + xzy =0
xzy —xyz + F(x)yd(z) = 0
=x([z,y]) + F(x)yd(z) = 0
x[z,y] + F(x)yd(z) = 0
F(x)yd(z) + x[z,y] =0 (7

forall x, y, € R. Substituting ry instead of y in equation (7) where
r € I, we obtain

F(xX)ryd(z) + x[z,ry] =0 Vx,y,7,Z €ER
F()ryd(z) + x(r[z,y] + [z,7]y) = 0

F()ryd(z) + xr[z,y] + x[z,r]y =0 (8)
Replacing x instead of with rx in equation (7), we get
F(rx)yd(z) + rx[z,y] =0 9)
By definition of generalized reverse derivation, we get

(FQoO)r +xd(r)) +rx[z,y] =0
F(x)ryd(z) + xd(r)yd(z) + rx[z,y] =0 (10

Subtracting equation (8) by (10), we get
xrlz,y] + x[z,r]y — xd(r)yd(z) —rx[z,y] =0

xlz,r]ly — xd(r)yd(2) + [x,7][z,y] = 0 (1)

forall x, y, 7,z € R. Substituting tx instead of x in equation (11),
we obtain

tx[z,r]ly — txd(r)yd(z) + [tx,r][z,y] = 0
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tx[z, r]ly — txd(r)yd(z) + (t[x,r] + [t,r]x)[z,y] = O

tx[z,r]y — txd(r)yd(z) + t[x,r]lz,y] + [t,r]x[z,¥] =
0 (12)

Multiplying equation (11) by t on the left side, we obtain
tx[z,r]y — txd(r)yd(z) + t[x,r][z,y] = 0 (13)
Subtracting equation (11) by (12), we get

[x,7]x[z,y] =0 Vx,y,r,z€R

[t,7]R[z,y] =0 Vt,y,r,zER

By primeness of R, theneither [t,7] =0 or [z,y] =0
thatistr —rt =0 orzy —yz = 0.

Therefore,tr =rt or zy =yz which implies that R is
commutative.

Using similar approach we can prove that the same result holds for
F(x)F(y) —xy =0V x,y,1,z €R.

Theorem 3
Let R be prime ring and d be a skew- derivative associated with
an automorphism 8: R = R.
Ifd(x)d(y) £ xy = 0forallx,y € Rthend = 0.
Proof: first we consider the case

dx)dy)+xy=0 (14)
for all x,y, € R. Substituting yz instead of y in equation (14), we
obtain

d(x)d(yz) + xyz=10

By definition of skew derivation, we get

d(x)(d(y)z + B(y)d(z)) +xyz=0VxYyz €R
d(x)d)z + d(x)B(y)d(2) + xyz =0
But d(x)d(y) = —xy
—xyz +dx)B(y)d(z+xyz) =0
dx)(BOA(2)) +xyz —xyz =0
d()(B(d(2)) = 0 (15)

Replacing xr instead x in equation (15), we obtain

d(xr)(B(»)d(2)) =0

By definition of skew derivation, we have

(@d@)r(B)d(T)B()d(z) =0
d@)rp(y)d(z) + B(x)d(r)B(y)d(z) = 0 (16)
Replacing 3 (y) instead of 8 (y) in equation (15), we get
d()rB(»)d(z) =0 Vx.y,7,z € R (17)
Subtracting equation (17) equation (16), we obtain

Bx)d(r)B(y)d(z) =0 Vx.y,r,ZzE€ER (18)
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Replacing d (r) instead of B (x)d () in equation (18), we get
dr)B()d(z) =0 Vy,r,z€R

Since B is an automorphism of R and d is a skew derivation of R
andx.y,r,z € R

This implies that,
d(r)Rd(z) Vr,z€R

By primeness of R, this implies that

d(r) = 0or d(z) = 0. Hence, we obtained the require result.
Using similar approach we can prove that the same result holds for

d(x)d(y) —xy =0V x,y,1,z ER.
Theorem 4
Let R be prime ring and d be a skew- derivative associated with
an automorphism : R —» R
Ifd(y)d(x) £ yx = 0forallx,y € R, thend = 0.
Proof: first we consider the case
dy)d(x)+yx=0 (19)
for all x, y, € R. Substituting xz instead of x in equation (19), we
obtain
d(y)d(xz) + yxz =10

By definition of skew derivation, we get

d)(d(x)z + p(x)d(2)) +yxz=0 Vx,y,z €R
d(y)d(x)z + dy)B(x)d(2) + yxz =0

But d(y)d(x) = —xyz
—yxz +d)B(x)d(z) + yxz) =0
d(y)(ﬁ(x)d(z)) +yxz—yxz=0
dy)(B()d(2)) =0 (20)

Replacing yr instead y in equation (20), we obtain

dyr)(B(x)d(2)) =0
By definition of skew derivation, we have

(@ + AT (B(x)d(2) = 0
dy)rp(x)d(z) +
B)A()B()d(z) =0 (21)
Replacing v (x) instead of 8 (x) in equation (20), we get
d)rB(x)d(z) =0 Vx.y,r,z€R (22)
Subtracting equation (22) from equation (21), we obtain

BA(r)B(x)d(z) =0 Vx.y,r,z€R (23)

Replacing d (r) instead of S (y)d(r) in equation (23), we get
d(r)B(x)d(z) =0 Vy,r,z€R
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Since B is an automorphism of R and d is a skew derivation of R
andx.y,r,z €R

This implies that,
d(r)Rd(z) Vr,z€R

By primeness of R, this implies
d(r) = 0 or d(z) = 0. Hence, we obtained the require result.
Using similar approach we can prove that the same result holds for

d(y)d(x) —yx =0V x,y,1,z €ER.

Conclusion

In this paper, commutativity of prime rings with multiplicative
(generalized) reverse-derivations and reverse skew-derivation is
established. We proved that prime rings that admit a nonzero
multiplicative reverse-derivation satisfying certain algebraic (or
differential) identities are commutative rings.
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