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ABSTRACT environment. They also explained that
Asthma is a condition in which your airways narrow and swell and the Asthma is linked to an out of control reaction from the immune
may produce extra mucus. In this study, an system triggered by a diversity of pathways. (Junehyuk et

improved mathematical model of asthma which includes infected
class not detected, infected detected class and recovered
(relieved) class was formulated. The model exhibits two
equilibrium,  namely  disease  free  equilibrium  and
endemic equilibrium. The analysis of positivity and boundedness

of solutions showed that the model is epidemiologically well pose

d. Simulation results showed that when pollutants are discharged

into the environment at a constant rate, the asthma disease cases
also increase in the population due to the fact that the interaction
rate of both susceptible and infected undetected with pollutants in

al,, 2017; Joseph et al., 2018; Hutapea et al., 2018; Evgeniy et
al., 2018; Tri Andri et al., 2018; Qinghua & Xiantao, 2019; Omoloye
etal., 2020; Emmanuel et al., 2023). Having gone through all these
literature review not much work has been done especially in this
area (Asthma), therefore the work of Naresh and Tripathi (2009)
was extended to come up with a new mathematical model of
Asthma by incorporating the infected class not detected, infected
detected class and the recovered (relieved) class in their model.
Nareth and Tripathi Model (2009)

creases.Finally, asthma can be control by restricting the smokers ds
from the population and the rate of release of pollutants into dt = A= uS —SP - fSC
the environment. dE
— =95P + fSC - L,EP - 4,EC — 1E
Keywords: Asthma, model formulation disease free equilibrium, dt
endemic equilibrium % — L,EP+ A,EC +0.C + 0,CP - — i (1
IINTRODUCTION dc
Asthma is an inflammatory disease affecting the airways that carry —=Q-6C-6,CP-6C - 1uC
air to and from the lungs. People who suffer from this chronic dt
condition are said to be asthmatic. Some mathematical modeling di’: A(N) =P +qC
on asthma has been done such as in (Ghosh, 2011; Amory et al., dt

2012; Wild et al., 2005; Shakirova et al., 2013; Stanciole et
al., 2012; Omoloye & Adewale, 2021) Analyzed some
mathematical models to investigate the spread of asthma due to
inhaled pollutants from industry. to considered two types of
demographics namely population with constant immigration and
population with logistic growth and considered three cases,
regarding the release of pollutant into the environment. (Burrowes
et al., 2013; Chatzimichalil et al., 2013; Hanifi, 2013; Alejandra et
al., 2020) Predicted a new method for asthma outcome, based on
principal component analysis and Least Square Support Vector
Machine Classifier which consists of three stages namely principal
component analysis, the pattern classification and classification
accuracy and 10-fold cross-validation, their proposed prediction
system can be used in asthma outcome prediction and that some
risk factors enhance its predictive ability. (Yangyin et al., 2013;
Alkhudhari et al, 2014) proposed a mathematical model and
analyzed the behavior of smoking dynamics in a population with
peer pressure effect on temporary quitters and the research result
shows that the smokers’
population reaches a steady state of approximately 6% of the total
population. (David, 2015; Ana et al., 2016; Charles et al., 2016;

Winkler et al., 2016; Kavitha, 2016) explained that biometeorology,
emerged as an interdisciplinary field dedicated to the study of the
mutual influence between living things and the surrounding

Descriptions of New Model

A modify mathematical model that consider the causes of asthma

due to effect of environmental pollutants was developed. The total
population is divided into seven classes; susceptible individuals

S(t), smokers class C(t), exposed class E(t), infected
undetected I, (t) , infected detected |  (t) , recovered
(relieved) class R(t) and one environmental  pollution  class
P('[) .Therefore the total population of human is denoted by;

Nt)=SH®)+CHt)+E@®)+1,®)+1,®)+RE) (2
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Figure.1. Schematic diagram of the model

The rate of change of susceptible population is given by;

8 is-sP-pCoR
dt (3)

The recruitment rate of susceptible individuals to the population (
7T ), while the natural death rate affect the susceptible population

( /JS ), the transmission coefficient of the susceptible to the

environment pollution affect the susceptible population (éSP)

and another transmission coefficient of the susceptible to the
smokers due to their relationship also affected the susceptible

population ( ﬂSC ), fraction of recovered were moved back to the

susceptible class and the rate at which moves back to susceptible
and smokers class.
Hence,

(cht:: -6C-0,CP-6C - C+(1-0,)R

4
The population of smokers class is increases by smokers
recruitment rate (Q), but the population decreases by the rate at

which smokers become infected (€, C )and the rate at which
smokers came into contact with the disease (&,CP), it also

decreases due to those that quit smoking (&C ) decreases by
natural death rate of the smokers ( ,uC ) and increases by the rate

of those that recovered back to the smokers class (¢R),
decreases by the fraction of recovered that moves back to
susceptible (0, @R ).
d—E—(1—gl)g”SP+(1—gz)ﬂSC—/IlEP—/IZEC—,uE

dt
()
Also, the transmission coefficients of the exposed class, due to the
interaction of susceptible class, with the environmental pollution is

increased (/fSP) and decreases by the fraction of the
transmission rate of susceptible to infected undetected, due to
interaction with the pollutants ( gl§SP) , italso increases due to
the transmission coefficient from susceptible to exposed, due to

interaction with smokers ( ﬂSC) and decreases due to the
fraction of the transmission rate susceptible to exposed, due to
interaction with smokers (&, ASC ), decreases by the
transmission rate of exposed, due to the interaction of exposed with
pollutants (ﬂ.lEP ), decreases by the transmission rate of
exposed, due to the interaction of exposed with smokers, and
finally decreases by the naturally death rate ( ,uE ).

dl

Q- )LEC—(o, +7, + u+a)l,

The infected undetected population is increased by the
transmission coefficients from susceptible due to the interaction
with pollutants and a fraction of the transmission rate of the
susceptible to infected undetected due to interaction with pollutant

(81§SP ), it also increases by both the transmission coefficients

from susceptible due to the interaction with smokers and fraction of
transmission rate of susceptible to infected undetected due to

interaction with smokers ( &, SSC ), also increases by the rate
at which smokers become infected ( QlC ) and the rate at which

smokes came into contact due to the pollutants (&, PC),
increases the transmission rate of the exposed to infected
undetected (A, EC ) and decreases by the transmission rate of
exposed due to the interaction with the smokers
(1—&,)A,EC ,also decreases by fraction of recovered that

moves back to susceptible, to the recovered class, due to natural
death and disease induced death rate

(o, +7,+u+a)ly, .
di,

dt
The infected detected population is increased by the transmission
rate of exposed due to the interaction with the pollutants

(£34,EP), also increases by the transmission rate exposed

=&, ,EP+£,,EC+0,l, —(r, +u+a)l, (1)

due to the interaction with smokers (£,4, EC ), and increases

by the fraction of recovered from infected undetected (o, | U ),

it decreases by the rate at which infected detected moves to
recovered and both natural death rate and disease induced death
rate.

dR

E=z’llu +7,l —(p+u+a)R (8)
The recovered (relieved) population increases by the rate at which
infected undetected and infected detected moves to recovered

class7, |, +7,1, it decreases by the rate at which
recovered moves back to susceptible also decreases by natural
death rate and disease induced death rate.

dP
———A-P+qC 9
" q 9)

This is not human population but cumulative concentration of

Analysis of Mathematical Model for Asthma Caused by the Effects of
Environmental Pollution

35


https://dx.doi.org/10.4314/swj.v19i1.6
http://www.scienceworldjournal.org/

Science World Journal Vol. 19(No 1) 2024
www.scienceworldjournal.org

ISSN: 1597-6343 (Online), ISSN: 2756-391X (Print)
Published by Faculty of Science, Kaduna State University

pollutants where (A) is the cumulative density of pollutants, the
pollutants is decreases by the depletion rate of the environmental

discharge when environment is clean (TP) the pollutants
increases again due to the rate at which pollution increase due to

https://dx.doi.org/10.4314/swj.v19i1.6

smokers smoke ( qC )-

Putting all the above formulations and assumptions together the
following system of differential equations were obtained.

ds
m =71 — S —ESP - SSC +o,4R,
dC
5 -Q-0C ~0,CP-6C - 1C +(1-0,)¢R,
dE
e (1-£,)&P+(1-¢,)5C — 1,EP - 1,EC — 4E,
dl,
T £8P +¢,05C+(6,+60,P)C+(1-¢,)L,EP+(1-¢,)A,EC— (o, +7, + u+ )l
(10)
di,
— =g, L, EP+,L,EC+o,l, — (7, + u+a)l,,
dR
T Ty +7,1 5 —(d+u+a)R,
dP
—=A-7P+qC.
dt
Together with inital conditions o Fraction of recovered that moves back to
S$(0)>0,C(0)>0,E(0)>0,1,(0)>0,1,(0)>0,R(0) >0 susceplible
0 Rate at which smokers quit smokin
Table1. Description of variables of Asthma models . - d - g
- - q Rate at which pollution increase due to
Variables | Description .
N Total population smokers smoking
S Susceptible class T Depletion rate of environmental discharge
C Smokers class as environment cleans
E Exposed class A Transmission rate of exposed to infected u
Iy Infected class but not detected ndetected and infected undetected
| Infected and detected class due to interaction with pollutants
D A, Transmission rate of exposed to infected u
R Recovergd class - ndetected and infected undetected due to
P Cumulative concentration of pollutants interaction with smokers

Table 2. Description of parameters of Asthma models

Parameters Definitions

Recruitment rate

Natural death rate

T

MU

A Cumulative density of pollutants
f Transmission coefficients from

susceptible to exposed and infected
undetected due to interaction with
pollutants.

ﬂ Transmission coefficient from

susceptible to exposed and infected
undetected due to interaction with
smokers

91 Rate at which smokers become infected

492 Rate at which smokers came into contact

&1y €y, &3, &, Fraction of transmission rate from

exposed

¢ Progression rate from recovered to susceptible
and smokers class

T, Rate at which infected undetected moves
to recovered class

7, Rate at which infected detected moves to
recovered class

Smokers recruitment rate

Q
(04 Disease induced death rate
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- > Ae ™ where A is constant of integration
Positivity and Boundedness of Solutions of Asthma Model ¢ ’UN A, w l inegrat

For the Asthma model (10) to be epidemiological meaningful, it is (1)
important to prove that all solutions with non-negative initial data Applying the initial condition N (O) = NO in equation (15), to
will remain non-negative for all time t > 0 obtain
A=rz—iN wh ing into equation (1), y
Theorem 1 7C — N which upon plugging into equation (15), yields
It $(0), ¢(0), E0), 1, (0), 1 (0), R(0), P(0) are non- =N = (7 —puN,)e™ (16)
negative, the solutons S, C, E, IU N 5, R,Pof the Then by rearranging eqlu\latlon (16) to obtain equation (17)
T T —
Asthma disease model (10 ) are non-negative for all t >0 N<—-— {¢}e”t (17)
u H
Proof. T
Consider the biological-feasible region. As t —>o0in equation (17) the population size N — —
; T H
[T=5(S,C,E, 1,,15,R,P)&R’ :N <— 1, it which implies that
H 7
i . . 0 < N < — . Thus the feasible solution set of system equation
will be proved that H is positively invariant. 7,
The total population of Asthma disease transmission model is of the model enter and remain
obtained by adding the model equation (10) and is given by; in the region.
dN
E=7Z’+Q—6C—,uN—(|U+|D)a (11)
T
Setting the disease induced death to zero in equation (11), then H: (S,CE, Iy, 1y, R)E‘Ri N <—
equation (11) becomes H
Therefore, the basic model is epidemiologically well posed. Hence
E < ”‘/JN (12) it is sufficient to study the dynamics of the basic model in
By sg;l)\laratlon of variable method, equation (12) become, H: {(S, C,E, |U N o) R)ggﬁi ‘N < _}
<t (13) H
7 — uN Existence of Disease Free Equilibrium (DFE) of Asthma
Integrating both sides of equation (13) to obtain equation (14), Disease Model o _
dN Disease free equilibrium point is the steady state solution where
J' < J' dt (14) there is no infection in the
T — ,UN a population that is; (C = E = lu = Io = R= 0) .After some manipulatio

ns we obtain

_71 In(z —uN) <t+C, which can be re-write as in EO _ (S,C, E |U | |D, R, P) _ £,0,0,0,0,0,0
Y7,

equation (15) given below

Existence of Endemic Equilibrium Point (EEP) of Asthma Disease Model

SzC=E=#I,#l,#R#P =0

S'=7—uS-EP-pSC+0,/R=0,

C'=Q-0C-6,CP-&C - uC+(1-0,)R=0,
E'=(1-¢)&P+(@0-¢,)pSC-A,EP-A,EC — 1E =0,

), =6&P+¢&,p5C+ (6, +0,P)C+(1-e;)L,EP+(1-¢,)A,EC — (o, + 7, + u+ )1, =0,
o =, LEP +¢,L,EC+ ol — (7, + u+a)l, =0,
C'=Q-6C-6,CP-&C - uC+(1-0,)R=0,

R'=zrl, +7,l, —(¢+1)R=0,

P'=A-# +qC=0.

From (18) A— 7P + CIC =0 after simplification we have

(18)

Analysis of Mathematical Model for Asthma Caused by the Effects of
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A+qC
r (19)
letg, =&, =& =&, =0, =1

We progress from one compartment to another compartment
together without any fraction

P=

, , A
being left behind. And g = € =0 Therefore P =—  (20)
T
Substituting the conditions, it becomes

S =7m—uS—-E&P-p4SC (21)
C =Q-0C-60,CP-LC—1LC+R 2
E=&P+C-ALEP-L,EC—uE (23
I, =6C+6,CP+A4EP+A,EC—-d,l, (2

Iy =ayly, —d,l, (25)
R=rl, +7,l, -d;R (26)
P=A-%+qC (27)

tet d,=(o,+7,+u+a), d,=(r,+u+a),d
=¢+p.d,=6+u

From (23) &SP+ pSC - AEP-4,EC—E =0

https://dx.doi.org/10.4314/swj.v19i1.6

From (24) o1, —d, 1, =0

, after simplification we have | 5 = % I, (28)
2
From (26) 7,1, + 7,15 —d;R =0, after manipulation
(7, d, +7,00)1,
d,d,
From (22), Q-6,C-6,CP-6C -y C+¢R =0

upon the simplification, this was obtained

wehave R™ =

(29)

7(Qd,d; + ¢(r,d, +7,00)1y)
d,d,(d,7+6,A)
From (21), 7 — /JS - §SP - ,BSC = 0. After some

simplification we obtain;
§" - nt(d,d; +¢(z,d, +7,01)) 1y

w+EA+ Br(Qd,d; + (7, d, +7,00)),
(31)

C'=

(30)

(P +fC)S = (4P +4,C + )E

(P+ O + (Aot + 95y +7,0)) _ AA o e

p+ A+ Br(Qd,d, +¢(7,d, +7,00)1

(P + C)rr(d,d, +¢(r,d, +7,0,)) [%A A,7(Qd,d; + ¢(7,d, +7,0,)1,)

pu+ A+ Br(Qd,d; +¢(r,d, +7,09)1,)
E*-

T

SA+ B(Qd,d, +¢(r,d, +7,0) 1, )77 (d,d, + ¢(7,d, +7,04)) N

E
d,d, (d,7 +6,A) “j

7(d,d,(d,7 + 6,A))

7+d,d;(d,7 +6,A) (1 + EA+ Br(Qd,d, + (7, d, + 7,0,) 1,

AA(d,d,(d,7 +6,A) + ﬂfzfz (Qd,d; +¢)(r,d, +7,00) |y + pur

Let d,d;(d,7+6,A)=X ad Qd,d, +¢(r,d, +7,0,)=Y

£ _ EA+ oYl X T

T+ X(u+ A+ paYly, ) LA+ 4,771, + X

. T(EA+ BrPYaXl )

(z + X (u+ EA+ BN A+ A, 7Y, + 1X)

(32)

From (24) 6,C +6,CP+ A EP+ L,EC — (o, + 7, + i+ )l =0

6,C+0,CP+A4EP+4,EC—-d,l, =0
@, +6,P)C+(4,P+A,C)E=d,I,

Substituting P into equation (33), it becomes

(ﬂlA A,7(Qd,d, +Q(r,d, +7,0))I

(33)

(91+%)C
T d,d,(d,z+6,A)

+)E =dyly
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(%A(dzds(dﬂ"' 0,A)) + /1272(Qd2d3 +¢(r,d, +7,0))1

> JE =d,1
7(d,d,(d,z+6,A))

(

Simplifying:

" = (6,7 +6,A)7(Qd, d, +4(7,d, +7,0)1y +(4A(d,d,(d,7+6,A) +4,7°(Qd,d, +¢(7,d, +7,0,)1, )7 (GA+ B7°YXAl )
v d,z(d,d,(d, 7+ 6, A) (7t + X (u+EA+ Sl ) (A, A+ 4,7, Y1, + uX))

Through cross multiplication

15 (dy7(d,dy (d,7 + 0, A))(z + X (e + EA+ BV, ) (A A+ 4,7, Y1y + 1X)) = (6,7 + 60, A)7(Qd,d; +¢(7,d, +7,0,) 1,
+ (LA, d,(d, 7+ 6,A)) + 2,7°(Qd,d; + Bz, d, +7,0,) 1, )r(GA+ BrYXAl )

Expanding all the brackets and re-arranging it, it becomes

(d,d,d,d,z° XY ? 4,7, +d,d,d, %0, ABXY *A,7,)1 +(d,d,d.d,r*EA,7,Y +d,d,d,d,z* XA,Y +d,d,d.d,* BX
YA A+ d1d2d3d42'3ﬂx Yu+ d,d,d,z6,AéA,7,Y +d,d,d, 70, AuXA,7,Y + dldzdsz'zé’zAzﬂXYﬂ,l + d1d2d32'202 Ap
X)) +(d,d,d, (d,72E A+d,c?EuX +d 21X A, A+d, o2 X 2 +d, 02 EA* XA, +d, 02 EAuX > +d, 72 AEX
AyTy + 70, A*EA + 70, AEX + 16, A* tiXA, + 170, A’ X *)1, —(47,d, +dr,0, + 2 fYX2), — (0,77 +6,A

+A2c% + A, Ad,d d,r+ 4, Ad,d,0,A) =0

Applying Descartes’s Rule of Sign
The number of positive root is the number of sign change

al>+bl>+cl, +d =0
Where & = d,d,d.d,z®pXY * 4,7, +d,d,d,7°0,ABXY * 4,7,
b=d,d,d,d,z*2,7,Y +d,d,d,d,z* zXA,Y +d,d,d.d,c° SXYA, A+d,d,d,d,z° BX *Yu +

(911+¢92A)C+
T

c=d,d,d,d,r?é,A+d,d,d.d,r°EuX +d,d,dd,z° A, XA+d,d,d,d,z*X?u+d,d,d,d,r*EA* XA,
d,d,d,z8,AéL,7,Y +d,d,d, 70, AuXYA,r, +d,d,d,z°0, A’ BXYA, +d,d,d,7°0, ALK *Yu

+d,d,d,d,r*EAuX * +d,d,d,d,r*EAXA,7, +d,d,d 70, A’ +d,d,d, 70, AéuX +d,d,d,70, A® 1iX A,
+d,d,d, 70, Au* X? —(¢7,d, +¢r,0, +7° XY )
d=—(0,r* +6,A+A,7° + A, Ad,d,d, 7+ 1,Ad,d,0,A)
With
C, =d,d,d,z(d,zEL, A+d,z&uX +d, 72X A, A+d X > +d, 7EA* XA, +d, 78ALX ? +d . 7EAXA, 7, + O, A°EA, +
0, AELX + 6, A? XA, + 6, Au® X ?

And
C, =—(¢r,d, +¢r,0, +72/3XY7Z')
Such that C=C -G,

If Cl >~ CZ’then C> O’ then there is only one sign

change in the polynomial equation. Hence, there are two endemic
equilibrium, the third is a negative equilibrium and is biologically not
meaningful.

If C, <C,,then C <0,

change in polynomial equation.
Thus the model has two endemic equilibrium point and so there is

also there is only one sign

possibility of backward bifurcation arising from the multiple
equilibrium.

Local Stability of Disease Free Equilibrium (DFE) of Asthma
Disease Model

Theorem 3.3  The disease free equilibrium point is locally
asymptotically stable if R, <1 and unstable if R, >1. Then

the theorem implies that the disease can be eliminated from the
community
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Proof: To prove local stability of disease free equilibrium point, firstly the system was linearized and then Jacobian matrix was obtained at the
disease free equilibrium point

given as;
U
0 -0-0-p 0 0 0 (l-0,)¢ 0
o L=@br 0 0 . ey
K 7
J(5°,0,00,0,0,0) =
0 82577+01 0 —(oy+7,+u+a) 0 0 81%
0 0 0 o, —(r,+pu+a) 0 0
o0 0 2 oo -+ 0
0 q 0 0 0 0 7
forsimpiciy we et K, = 27 K, = 6, + 0+ 11, K, _d=e)pr 8P,
Ki=(o,+n,+u+a), K=, +u+a), K, =1-0,)¢, Kg=(@+un) K, = (1—81)%,
Ko =z
u

upon the substitution of the above representation, we obtain the following;

-u -K, 0 0 0 o, O
0 -K, 0 0 0 K, 0
0 K, —-u O 0 0 K
JE=|0 K, 0 -K;, 0©0 0 Ky
0 0 0 o -K; 0 0
0 0 0 7 r, —-Kg O
0 q 0 0 0 0 -z
-u—-41 -K 0 0 0 o,0 0
0 -K, -1 0 0 0 K, 0
0 K, —u—A 0 0 0 K,
J-all=| 0 K, 0 -K, -1 0 0 Ko [=0
0 0 0 o, -Kg—-4 0 0
0 0 0 7, 7, -Kg -4 0
0 q 0 0 0 0 -7-1

Expand along the first column to obtain

Analysis of Mathematical Model for Asthma Caused by the Effects of
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~K,-4A 0 0 0 K, 0
K, 0 0 0 0 0
0 0 7 7, Kg—4 0
q 0 0 0 0 -r-2
~K,-4 0 0 K, 0
K, -K.—4 0 0 Ky
o | 0 o, -K,—4 0 0 [=0
0 7 7, Kg =4 0
q 0 0 0 —r-1
Therefore A,= —u
~K,-4 0 0 0 K, 0
K, -—u-4 0 0 0 0
K, 0 -K,-4 0 0 Ks |_q
0 0 o, -Ks-4 0 Ky
0 0 7 7, -Kg -4 0
q 0 0 0 0 -r-4
also, expand along the second columns we obtain the following;
~K,-4 0 0 K, 0
K, -K.—4 0 0 Ky
—(~u-2)| © o, -K,—1 0 0 |=0
0 7 7, -Kg -1 0
q 0 0 0 —r-A
~K,-4 0 0 K, 0
K, -K.-4 0 0 Ky
—(~u-2)=0 o 0 o, -K,-4 0 0 |=0
0 7 7, -K; -4 0
q 0 0 0 -—7-4
Therefore, A =—u
~K,-4 0 0 K, 0
K, -K.—4 0 0 Ky
Similarly, expand this along the first row 0 o, -K, -1 0 0 |=0
0 7 7, -K; -4 0
q 0 0 0 —r-1
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-K, -4 0 0 Ko K, -K;-1 0 Ko
(K, - 2) o, -Kg -4 0 0 _K, 0 o, -Kg—-4 0 0
7 7, -K; -4 0 0 7 7, 0
0 0 0 ) q 0 0 -7-1
-K, -1 0 Ky o -K¢-4 0 Ks-1 0 Ky
(K, = AR (Kg=A) o  -Ki-4 0 [}-K;sK, |7 7, 0 |-q o0 -K,-4 0/[;=0
0 0 -7-4 0 0 -7-4 7, 7, 0

after the expansion and simplification, we obtain the following characteristics of polynomial

equation: Asﬂ,s + A4ﬂ4 + A3/13 + Azﬂz +AA+A, =0

Where A, =1, A, =K, + K, +7 - K + Kq

A, = KK + K7 — KK, + KK, + Koz — KK, + KK — K7+ K,z — KK,

A, = KKz, — KKK, + KKK, — KK 7+ K, Kz — K KK, + K K7 — KKz — K KK,
~ K K- K, K, 17,

A = (KK K,z — KK K, m — KK KK, — KK Kz — K KK, 7) - K, (Ko7, + K, K77,

+K, Ko7y +Kypq7,)
A, = KK KKz + K, (K, 77,0, — K1, Ko + 0K g 7,07 — 0K, K 7,07)
The Routh Hurwitz criterion was applied to determine the nature of the roots of the polynomial, which are positive, then all the eigenvalues of the

Jacobian matrix have negative real roots when Ro <1, therefore, the disease free equilibrium is locally asymptotically stable

Global Stability of Disease Free Equilibrium (DFE) of Asthma Disease Model
This is prove through the comparison theorem

(34)

E E
I, I
IL,J <(F-V). |U We now compute the eigenvalues of F —V
D D
P P
A-&)ér
000 | (x 0 0 0
cv_looo &% |0 d& 0 0
u 0 -0, d; 0
000 0 A A -A r-A
0 0O 0
U
QT
then F=V =| O —d2 0 % To find the eigenvalues of F-
0 o -d; 0
A A A A-t
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—(u+A) 0 0 A-¢)ér
Y7,
V. thatis [(F —=V) = A1| =0 0 —(d, +4) 0 E16T -0
0 o, —(d, +A) f)l
0 A A —(r=A+2)
—(d, +4) 0 &er 0 —(d+A) .
—(u+A)| o —(dy+2) R Bt .1 P PN B
A A —(Z’—A+/1) # A A A

(0 A)(d, + A)(dy + )z — As )= (4 2) 2% (0, A+ (dy + 2)A]- L2 (44 230+ (d, + 2)A) =0
H JZ

(u+ A)(d, + A)(r - Ar2) - AecTo R (ur )0+ e (A=6)d, £ AN+ Ao
r u u

/14+(,U+d2+d3+T—A)),3+|:‘ud2+(/u+d2)(d3+T—A)+d3(z-—A)—@:|ﬂ“2+
Y7,

0

&,EmA

(o, — (u+dj)

|:,Ud2(d3 +T—A)+(:u+d2)(f— A)d3 — )_ (1_‘91)(d2 +d3)§7ZAj|/1+

eémuP (o, +d;)+(1—¢,)d,d,E7A, |
udzds(r—A){l—( e wes )}—o

/14+('u+d2+d3+T_A)/13+[/v‘d2+(,U+d2)(d3+T—A)+d3(T—A)—@}12+
u

$nh & (oy—pu—d;)+(@Q-¢&)(d, +d,)
ﬂdz(da+T—A)+(ﬂ+d2)(T_A)d3{1_ P (,udz(d3+T—A)+(,u+d2)(z'—A)dJﬂ+ (35)

pd,d,y (7 - A)1-R,) =0
. STA
Nowif =— < zd, + (¢ +d,)(d; + 7+ A)+d;(z — A) then
u

Erh| g(oy—u—d;)+(1-g)(d, +d;)
p | pdy(dy+7—A)+(u+d,)(z - A)d,

Then by Descartes rule of sign, the polynomial equation (35) has no sign change. This shows that all the eigenvalues are negative. Hence, the
disease free equilibrium is globally asymptotically stable, if Ro =<1.

Numerical Simulation Results

The analytical results of this study are illustrated by carrying out numerical simulations of the models using parameter values obtained from
literature as shown in Table3 and the following results are obtained via MAPLE 18 software.

}-{L and R, <1
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Table 3. Parameters values used for the numerical simulation

Parameter Symbol Parameter Value Source
Recruitment rate of Susceptible T 100 Naresh and Tripathi (2009)
Recruitment rate of Smokers Q 60
Interaction of susceptibles with smokers ﬁ 0.0002 Naresh and Tripathi (2009)
Interaction of susceptibles with pollutants 5 0.0003 Junehyuk et. al., (2017)
Natural death rate y7s 1/70=0.014 Naresh and Tripathi (2009)
Disease induced death rate a 1/50=0.018 Naresh and Tripathi (2009)
Rate at which smokers quit smoking 2] 0.002 Chatzimichail et al.,(2013)
Cumulative density of pollutants A 10 Kavitha (2016)
Rate at which pollution increase in smoker's smoke | Q 0.00001 Ana (2016)
Depletion rate of environmental discharge as | 7 0.01 Junehyuk et. al., (2017)
environment cleans
Interaction of exposed persons with pollutants /11 0.0001 Kavitha (2016
Interaction of exposed persons with smokers 12 0.00015 Kavitha (2016
Rate at which smokers become infected 91 0.0002 Shakirova et. al., (2013)
Rate at which smokers came into the contact of | o 0.00025 Kavitha (2016
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DISCUSSION

Figure.2, it was discovered that each classes or compartments
behaves in different ways in a total population. While some
increases  (infected undetected, infected detected,
environmental pollution), some decreases (susceptible, exposed,

recovered, smokers).Fig.3, it was discovered that at the disease
free equilibrium point, all compartment except susceptible were at
the steady state and there is no disease. Fig.4, it was discovered
that at the global stability of endemic equilibrium point, susceptible
increase and at a point decreases. This means that due to the
presence of disease in the population, the number in susceptible
class decreases while others will move to other human
compartments. Fig.5, it was discovered that at the global stability
of endemic equilibrium point, smokers increase and at a point
decreases. This means that some people in the smoker's class
who are infected will move to another compartment. Fig.6, it was
discovered that at the global stability of endemic equilibrium point,
all human are expose to the disease due to the environmental
pollution. Also, Fig.7, it was discovered that at the global stability of
endemic equilibrium point, infected undetected at different time
increases. This means that the number of infected undetected
increases due to the presence of disease in the environment and
these people did not do medical check-up.

Fig.8, it was discovered that the global stability of endemic
equilibrium point, infected detected at different time increases. It
means that the total number of infected detected increases due to
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the presence of disease in the environment and thereby needs
proper and effective management of the disease. Fig.9, it was
discovered that at the global stability of endemic equilibrium point,
the number of people that recovered increases after taking
necessary measurement. This means that the number of people in
recovered class increases after taking proper and effective
measures. Fig.10, it was discovered that at the global stability of
endemic equilibrium point, the environmental pollution class dictate
the tune of the presence of the disease in the environment. If the
pollution increases, there is a possibility to an increase in the
disease and if it decreases, there is a possibility to a decrease of
the disease in the environment. This means that there is need for
proper control of pollution in the environment in other to reduce the
environmental pollution and thereby reduce the possibility of having
more disease in the population.

Fig.11, it was discovered that the rate at which smokers become
infected on susceptible at different time increases thereby reduces
the total number of population in susceptible class. This means that
the impact of rate at which the smokers infected on susceptible
increases, thereby affect the entire population. Fig.12, it was
discovered that the rate at which smokers become infected on
exposed class reduces. This means that the smokers who are
already infected will move to the infected class and not exposed
class again. Fig.13, it was discovered that the impact of rate at
which smokers become infected initially higher and later smokers
population reduces.

Fig. 14, it was discovered that the impact of rate at which smokers
become infected on infected undetected increases as the year
increases. In Fig.15, it was discovered that the impact of rate at
which smokers become infected on infected detected at different
time varies: The rate on susceptible class, smokers class, and
infected undetected class continues to increase as the pollution
class increases but the exposed class initially increases but later
decreases. In Fig.16, it was discovered that the impact of rate at
which smoker quit on infected undetected at different time on
susceptible class, smokers class, exposed class, infected
undetected class continue to increases. In Fig.17, it was
discovered that the impact of rate at which smoker quit on infected
detected increases in all classes as the time increases. Fig.18, it
was discovered that the impact of cumulative density of pollutants
on susceptible continues to decrease as the time increases. In
Fig.19, it was discovered that the impact of cumulative density of
pollutants on expose continues to decrease as the time increases
and at a point only susceptible increase while other classes
continue to decrease. In Fig.20, it was discovered that the impact
of cumulative density of pollutant on infected undetected continue
to increases over the years. Finally, in Fig.21, it was discovered
that the impact of cumulative density of pollutants on infected
detected continue to increase over the years. In Fig.22, it was
discovered that the impact of cumulative density of pollutants
increases over the years at different rates.

Conclusion

In this work, an improved model of asthma which includes infected
undetected class and recovered (relieved) class was investigated.
The model exhibits two equilibrium, namely disease free
equilibrium and endemic equilibrium. The analysis showed that the
model is unique, exist and well posed. It is assumes that
susceptible become infected undetected when they are
continuously exposed to smoking or when they enter into polluted
environment and inhale the pollutants from the atmosphere. It has

https://dx.doi.org/10.4314/swj.v19i1.6

been shown in simulation that when pollutants are discharged into
the environment at a constant rate and smokers are also enlisted
into the population; the asthma disease persistence is higher,
reason being that the interaction rate of susceptible with pollutants
and with smokers’ increases, the fractions of infected undetected
increases as well. Finally, the spread of asthma can be control by
restricting the
smokers from the population and the rate of release of pollutants i
s also controlled in the environment.
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