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ABSTRACT

The paper resorted to some fixed point results for Kannan type
contraction in Strong Partial b-Metric Spaces. It is a generalization
of metric space and strong b- metric spaces. As proves of unique
fixed point theorems for a Kannan mapping in a complete metric
spaces is presented. We provided some examples to illustrate our

Phone: +233249913278

Definition 3. Moshokoa & Ncogwane, (2020). Letamapd:E X E
— R is a strong partial metric on non empty set E, given that for
allu, v, c € Eand u > 1 the following conditions are satisfied;

i. u=viffd(u, u) = d(v, v) = d(u, v);

ii. d(u, u) <d(u,v);

results and demonstrate how valid the result is, with suitable i d(u, v) = d(v, u)
examples. iv. d(u,v) <d(u,c)+ ud(c,v)-d(c,c).
hence, (E, d, u) is called a strong partial b- metric

Keywords: Fixed point, Kannan contraction, B-Metric spaces,
completeness

INTRODUCTION

The Banach contraction principle Banach, (1922) has gained
remarkable attention from researchers in mathematics. Its
contractive condition on the mapping presents a good analytical
framework. As a contractive principle requires a complete metric
space Petrov, (2023), Kumari et al., (2023), Moshokoa &
Ncogwane, (2020), Savaliya et al., (2024) as the principle to the
study of the existence and uniqueness of solutions. Obtaining the
extension of the contractive condition through expansion of the
condition of the mapping Grnicki, (2018). A metric spaces is
complete if and only if every Kannan mapping has a fixed point
Mathews, (1994). Completeness in strong b- metric spaces as in
Dehici et al., (2019), Moshokoa & Ncogwane, (2020), Doan,
(2021), Wang et al., (2024) prove the uniqueness of the fixed point.
And extensions of Kannan fixed point theory and applications can
be seen in Berinde & Pacurar (2019), Kannan, (1968), Petrov &
Bisht, (2023), Petrov, (2023), Grnicki, (2018), Doan, (2021), Wang
et al., (2024), Pant, (2024). There are several generalizations of
contractive mapping principle.

MATERIALS AND METHODS
Definition 1: Kirk & Shahzad, (2014). Letamapd:E X E - R
be a strong b- metric on a non-empty set E if for u, v, ¢ € E and
forany u =1 the following conditions are met,
i. u= viffdu,v)=0
i d(u, v) = d(v, u)
ii. d(u, v) < d(u, c) + p d(c, v)
The triple ( E, d, u) is called a strong b-metric
space.

Definition 2. Mathews, (1994) A functiond : E X E - R is a
partial metric on a set E, such that for all u, v, ¢ € E, the following
conditions are met.

i. u= viffd(u, u) =

i. d(u, u) <d(u, v);

il d(u, v) = d(v, u).

iv. d(u, v) <d(u, c)+ d(c, v)-dlc,c).

hence, (E, d) is called a partial metric space.

d(v, v) = d(u, v);

space.

Definition 4. Let (X, d) be a metric space. A sequence (x,) in X
converges to the limit u as n— oo, where

Xn —>u0rrlli_1)1(}0xn =u

Given that for every e >0, there exist Ne N such that |x,, — u| <
eV n=N.

Definition 5. Given a metric space (X, d). A sequence (x,,) in Xis
said to be Cauchy sequence if for every & >0, there exist for m, n
> Nas Ne N such that |x,, — x,,| < €.

Definition 6. A function g : R — R is continuous at some point
ue Rif

lim 9(x) = g(u)

Definition 7. A function g : R — R has the limit u as x—a, we
write g(x)-L or
lim g(x) =L

X—=a

If for every € >0, there exist § >0 such that |g(x) — L| < €and
for|x —al| < 6.

LEMMA 1. Dehici et al., (2019). Let (X, d) be a metric space.
Assume that G : X — X be a self-mapping on X satisfying that
d(Gx, Gy) <ad(x,y) forallx,y €X. 1
where a€ [0, % [. Then, G is a Kannan mapping with a constant of

. (04
contraction equal to =

Proof

Let x, €Xbe any arbitrary point and {x,,} be a sequence in X, such
that

Xne1 = Gxy, Vv n=0

Given x,41 # x, V¥ n=0.
Let define F, = d(xp41, x5), ¥ Nn=0
And by using the inequality (1), we have
Fpy = d(xn+2v xn+1) = d(Gxn+1v Gxn) <a d(xn+1a xn)
< a{ d(xn+2v xn+1) + d(xna xn+1)}
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= a{Fn+1 + Fn}
1 - a(Fpi1) < affn}
Fpi1 < —F}
Since, [0, g[, then ﬁ € [0, ;[. And as result, G is a Kannan
mapping.

LEMMA 2. Dehici et al., (2019). Let (X, d) be a metric space.
Assume that G : X — X be a self-mapping on X satisfying that
d(Gx, Gy) <ad(x,y) forallx,y eX (2)
where a€ [0, § [- Then, G is a Kannan mapping with a constant of
contraction equal to 1%“0(

Proof

Let x, €X be any arbitrary point and {x,,} be a sequence in X, such

that

Xn41 = Gx, v n=0

Given x,41 # x, V¥ n=0.

Let define F, = d(x;41, %), ¥V Nn=0

And by using the inequality (2), we have
Fpp1 = A2, Xn41) = Gy, Gxp) < @ d(xni1, Xy)
= a{d(xn+1, xn) + d(xn+2| xn+1) + d(xnv xn+1)}

=a{F + Fpiq + B}

1- a(anl) < af2F;}

Fn+1 = E{ZFn}

Since, [0, 3, then —— € [0, 2{. And as result, G is a Kannan
mapping.

RESULTS AND DISCUSSION

Theorem 1. Dehici et al., (2019). Let (X, d) be a complete metric
space. G : X — Xis contraction mapping if

d(Gx, Gy) < ad(x,y)

For all x, yeX, as a €(0, 1). Then G has a unique fixed point ueX.

Theorem 2. Dehici et al., (2019). Let (X, d) be a complete metric
space and G : X — X be a selfmapping on X. Where there exists
a €[0, %) such that
d(Gx, Gy) < ad(x, Gx) +d(y, Gy)]
(1)
for all x, yeX. Then G has a unique fixed point u €X.
Proof
Let x, €X be any arbitrary point and {x,,} be a sequence in X,
for all n=0
As xp11 # x, VYV n=0.
It follows from definition (1) that
d(xn12, Xnt1)
< ad(xny1, xn)
< a{(d(xni2, Xni1) + dxnys1, xa)}
d(xp42, Xne1) < ﬁ {d(ne1, xn)}
since condition (1) is satisfied and it is obvious that
d(xn+2v xn+1)< d(xn+1v xn) v n=0
hence, d(x,41, x,) is monotonically decreasing and bounded
below sequence. If there exist =0 such that we have the
111_1;20 d(n41,x0) = B
Now, let assume 8 >0. Then, from the inequality (1), we get
d(Xn+2, xn+1) = an { d(Xn+2, xn+1)+d(xn+1v xn)}
given that
d(Xn+2Xn+1)
d(xn+2Xn+1) +d(Xn+1.%0)

<a,,vVn=0

https://dx.doi.org/10.4314/swj.v19i3.31

as expression

d(xp42.X .
(Xn+2Xn+1) < lim a,
d(Xn+2Xn+1) +d(Xn+1.Xn) ~ nooo
d(Xn42.Xn41)
T d(¥n42%n+) Hd@Xni1¥n)

and this is a contradiction. Hence lim a,, = 8 =0.
n—-oo

And given that ¢ €0, %) such that

A, Xni1) < w0 dn-1, X) <. < pd(xo, X4)

given G,, = d(x,,, xp41) and G,_; =d(x,_1, X5), and reading
from (2), we have

Gp S UGp_1 SU? Gypy <... S UGy

We now demonstrate that {x,,} is a Cauchy sequence in X. We let
m>n and by definition (2) and (1), we get

d(xnv xm) = {d(xnv xn+1) + d(xn+1v xn+2) t+...+ d(xn+m—11
Xm) }
_{ d(xn+1v xn+1) + d(xn+2v xn+2) + ...+
d(xn+m—1v xn+m—1) }
= { d(xnv xn+1) + d(xn+1v xn+2) +...+ d(xn+m—11
Xm) }
< pd(xg, x)  +u™ld(xe, %) + ...+
ummd(xg, xq)
= pu"[d(xg, x1) + pd(xg, xq) + ...+ p™ d(xo,
x1)]
=p1+p+. . 4™ G,
Applying n, m — oo as d(x,,, x,,,) =0, for u €[0, %), hence {x,,} is
a Cauchy sequence in X. In addition, since (X, d) is complete,
We now by (iv) of Definition 3,
A, xm) < af d(xp—1, Xm) + (i, X0 p d(xp-1, %)
- d(xn—lr xn—l)
A, xm) (1—@)< a{ d(xn—1, x)} + p d(xp—1, %)

= — { d(xn—lr xm) } + ﬁd(xn—lr xn)

—
w
-

And as n, m — oo, the right hand side of (3) moves to zero.
so there exist ueX such that x,, = u, as n— oo, xeX, we have

d(Gu, u) = Tlli_r)rgod(u,xn) = nglrllwd(xn,xm) =0

)

At this point, we observe that by (4), d(Gu, u) =0, we are required
to demonstrate that u is a fixed point of G. By (ii) of definition (3),
we have

d(Gu, Gu)< d(Gu, u)

and since d(Gu, u) = 0 means d(Gu, Gu) =0 as d(u, x) =0. Thus,
we have

d(Gu, Gu)= d(Gu, u) = d(u, u)

so we have Gu = u by (i) of definition 3. Hence, u is a fixed point of
G.

Uniqueness: Let v be another fixed point of G with u#v, we have
d(u, v) = d( Gu, Gv)
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< a{d(u, v) +d(Gu, Gv)}
And by the inequality
d(u, v) < pud(u, v)

Implies
d(u,v)=0
aspu €[, i)

Which implies that u=v, thus the fixed point of G, is unique.

Example1. Let E = {0, 1, 2} and d: EXE — [0, o) be defined by
d(0,0) =d(1,1) =0,d(2,2) = §
d(1,0) =d(0, 1) =2
od(1,2) =d(2, 1)
d(2, 0) = d(0, 2)
where we have d(u, u)<d(u, v),Vu,veE

1. d(0,1) < d(0,2) + ad(2, 1) -d(2,2),V a =1

3
4
7

2.d(1,0) < d(1,2) + ad(2,0) - d(2, 2), V & >1
3.d(1,2) <d(1,0) + ad(0,2) - (0, 0), ¥ & >1
4.d(2,1) < d(2,0) + ad(0, 1) - d(0, 0), ¥ & >1

5. d2,0)<d@2 1)+ ad(1,0)-d(1, 1),V a >3

6. d(0,2)<d(0,1)+ ad(1,2)-d(1,1),V a = ?
The result indicate (E, «, d) is a Strong Partial b-Metric Space,
where a =§ but it is neither strong b metric nor metric space as
d2,2) =3 #0.
So, the above cannot be applied to theorem 2, therefore let's T : E

— E be a self map defined by TO =0, T1 =0, T2 =1and u €G
defined by

u(x) = % i/gfor x>0 and u(0) €0, %)

then

* d(T0, T1) = d(0,0) =0 < 0.3180 = - V25 = u(d(0, D),
T0) + d(1, T1)}

d(T1,72) = d(0, 1) =2 < 17683 =2 V275 = wdt, 2,
1)+ d(2, T2)}

*d(T0,72) = d(0,1) =% <1.2311 =2 V275 = p(d(0, 2)d00,
T0) + d(2, T2)}

therefore, we have G meeting all the conditions of theorem 2 and
has a fixed point u =0.

Example 2. Given T:E—> Eandv,u €0, %[ ,we have
{" Jif vEO, 1
; -1
8 Jif v= 2
Letv, u € [0, %[. Thus
|Tv —=Tu| =

Tv=

1=

v u 1
———| ==|v —u|
4 4l 1

and

Yyl =2v, lu-Tul=3u
4 4 4

lv —Tv| =

which implies that

https://dx.doi.org/10.4314/swj.v19i3.31

|Tv —Tu| = % lv—ul < Z—Z (lv =Tv| + |u —Tul)
. 1 1
now, if v € [0, E[ and u = we get

|Tv —Tu| =

v1|

4 8

lv-Tv|=3v, |T1-1|=2
4 81
Consequently, we have v, u € [0, E]' and thus
v 1 30
|Tv —Tu| <3 +§S§(Iv —Tv| + |u —Tul)

for

n==2 €0,

Theorem 4 Dehici et al., (2019). Let (X, d) be a complete metric
space and G : X — X be a selfmapping on X. Where there exists
a €]0, %) such that

d(Gx, Gy) <afdx, Gx) +d(y, Gy) + dx V)]
5

lgoz all x, yeX. Then G has a unique fixed point u €X.

Proof

Let x, €X be any arbitrary point and {x,,} be a sequence in X, for
all

n=0

andas x,41 # x, Vn=0.

It follows from definition (1) that

d(xn12, Xne1)

< a d(xn 41, xn)

< a{d(xn, Xn4+1) + A2, Xpp) + dns1, X0}

d(xns2, Xne1) < 7= {d0n 1, Xn) + X, Xnia)}

since (1) is satisfied and it is obvious that

d(xn+2r xn+1)< d(xn+1r xn) v n=0

hence, d(x,4+1, X,) is monotonically decreasing and bounded
below sequence. If there exist § =0 such that we have the

111—1}010 d(Xn+1,%n) = B

Now, let assume g >0. Then, from theorem (4),

d(xn12, Xne1 < @ {d0n, Xp41) Hd(xn 41, X1 2)+d(0 41, X0)}

(6)

given that
d(Xn+2.Xn+1) <a
{d@nxns1) +d(ns1 Xne2)+dnixn)} — 0
v n=0
taking
d(Xn+2.Xn+1) < lim ay,

{d@enXne1) +d(Xnt1,Xn42)+d(Xns1.X0)} ~ n-oo

< (Xn+2Xn+1)

T {dOxne1) +d e Xna2) +d(Xne1an)}

and this is a contradiction. Hence Tlll_I)T(;lo a, = =0.

and if there exist u €0, %) such that

dltn, Xn1) < w0 dlp_1, xp) <. < ptd(xo, xp)

(7

given F, = d(xp, x,41) and F,_; =d(x,,_1, x,), and reading
from (7), we have

E, < uFp_ 1 <u?F,_, <.. <u"F,

We now demonstrate that {x,,} is a Cauchy sequence in X. We let
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m>n and by the inequality (iv) of Definition (2) and (1), we get
d(xny xm) < {d(xn: xn+1) + d(xn+1: xn+2) +... d(xn+m—1|

Xm)}

_{d(xn+1: xn+1) +d(xn+2| xn+2) + ...+
d(xn+m—1: xn+m—1)}

< ptd(xg, %) +u™idxg, xq) + ..+

= WMd(xo, x1) + pd(xo, x1) + ... + ™ d(xo,
x1)]
=pM4p+. g™ G
Applying n, m = oo as d(x,,, x,,,) =0, for u €[0, %), hence {x,,} is
a Cauchy sequence in X. In addition, since (X, d) is complete,
We now by (iv) of definition 3,
d(xn, xm) < @{ d(Xp—1, Xm) + (X, X)) + dX, Xp—q) +
wdxn_q, xp) — d(xp—1, Xn—1)
d(xn, xm) (1—a)< o dxp-1, Xm) + dxn, xp-1)} +
15 d(’fzm Xm)
= Py { dixp—1, xm) + dixn, xn-4)} + ﬁ d(xpn, xm)
()
And as n, m — oo, the right hand side of moves to zero.
so there exist ueX such that x,, = u, as n— oo, xeX, we have
d(Gu, u) = 711_1)’1(}0 d(u,x,) = nlnizrilw d(xXp,xm) = 0

©)
At this point, we observe that by (9), d(Gu, u) =0, we are required
to demonstrate that u is a fixed point of G. By (ii) of definition (3),
we have
d(Gu, Gu)< d(Gu, u)
and since d(Gu, u) = 0 means d(Gu, Gu) =0 as d(u, x) =0. Thus,
we have
d(Gu, Gu)=d(Gu, u) = d(u, u)
so we have Gu = u by (i) of definition 3. Hence, u is a fixed point of
G.
Uniqueness: Let v be another fixed point of T with u#v, we have

d(u, v) = d( Gu, Gv)

< a{d(u, v) +d(u, Gu) +(v, Gv)}
As a result
d(u, v) < ud(u, v)
Implies
d(u,v) =0

As p €0, )

Which implies that u=v, thus the fixed point of G,

is unique.

Example 3: Given E = {3, 5, 7} and d: EXE — [0, o0) be defined
by

d(3,3) =d(5,5)=0,d(7,7) =+
ed(t,3)=d3,1)=1
ed(1,5)=d(51)= 3
e d(53)=d(3,5=6

u

1. d(1,3)<d(1,5) + ad(5,3) - d(5,5), ¥ a >1
2. d(3,1)<d(3,5) + ad(5 3)-d(5,5),V a >1

3. d(1,5)<d(1,3) + ad(3,5) - d(3,3), V a >1

https://dx.doi.org/10.4314/swj.v19i3.31

4. d(5,1)<d(5 3)+ ad3, 1)-d3,3),V a >1
5. d(5,3)<d(5, 1)+ adl, 3)-d(1,1), ¥ a > 12

6. d3,5<d3, 1)+ ad(1,5-d(1,1),V a = g
The result indicate (E, «, d) is a SPb MS, where a =12, but it is
neither strong b metric nor metric space as d(5, 5) = % #0.

So, the above cannot be applied to theorem (), therefore let's T : E
— E be a self map defined by T1=1,T3 =1, T5=3
and A €G defined by

u) =3 V2%

for x>0and u(0) €[0,3)

then

*d(T1,73)=d(0,0) =0 < 0.1652 = V26 = pd(t, 350,
T1) + d(3, T3)+ d(1, 3)}

o d(T1,T5) =d(1,3) = <2.7037 =327 = w(d(t, 5){d(1,
T1) + d(5, T5)+d(1, 5)}

*d(T3,T5)=d(1,3) =7 <3.3167 =1 V2 = u(d(3, )G,

9
12
T3) + d(5, T5)+d(3, 5)}
therefore, we have S meeting all the conditions of theorem (4) and
has a fixed point u =0.

Example 4. Given T:E—> Eandv,u €[0, %[ ,we have

v

. 1

Tve E ,lf UE[O, E[
1 . 1
ufv=;

Letv, u €0, é[. Thus

|Tv —=Tu| = |= —l| == v —ul
13 13| 13
and
lv =Tv| = |= —v| = E17, lu =Tu| = 12 and lv —u| =
13 13 13
v—u

which implies that
[Tv —=Tu| = A{lv =Tv| + lu —Tu| +|v —ul}

={%v +1—§u +v—u}
v u 1
{E + E} = E(v+u)

ITv —Tul = — v —u| <—(v+u)
13 13

now, if v € [0, %[ and u= % we get

|Tv —=Tu| = |2 L

1213 11 10
lv-Tv|==v, |T1-1|==|v—u|=|v-1)
13 11

Consequently, we have v, u € [0, %], and thus

v 1 1
|Tv —=Tul| S5 tosSo (lv =Tv| + |u —Tul + |v —ul)
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