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ABSTRACT

Stratification is the layering of a fluid due to concentration or
temperature differences. The flow of fluid past a cylinder and the
study of stratification in parabolic flow are of significant interest due
to their role in minimizing energy losses by reducing viscous
interactions between adjacent fluid layers and the pipe wall.
Thermal stratification causes the temperature to vary more sharply
with distance, creating stable layers that resist vertical mixing. In
contrast, mass stratification leads to density gradients in the flow
direction. A thorough understanding of these dynamics is crucial
for developing effective strategies for managing, mitigating, and
controlling flow. This study incorporates temperature-dependent
diffusion and convection terms into the energy and concentration
equations. Parabolic flow is particularly relevant in mass and heat
transfer processes involving an infinite vertical plate, which may be
subjected to various boundary conditions such as constant or
variable temperature, heat flux, or concentration. These problems
have attracted considerable attention due to their applications in
engineering and industrial systems, including the cooling of
electronic devices, solar collectors, chemical reactors, and
combustion chambers. To preserve the mathematical integrity of
the model, the coupled nonlinear partial differential equations are
transformed into a dimensionless form using appropriate
nondimensional variables, thereby ensuring consistency and
simplifying the analytical process. The existence and uniqueness
of solutions to the model equations are rigorously established via
the Lipschitz continuity criterion. The results confirm that a unique
solution exists under the satisfaction of the Lipschitz conditions.

Keywords: Cylindrical plate, Dimensionless variables, Existence
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INTRODUCTION

Thermal stratification is a common occurrence in natural
environments such as lakes and oceans. The presence of mass
stratification can further complicate the behavior of fluid flow. This
study aims to explore how thermal stratification influences flow
dynamics and its interaction with other stratified bodies. The
findings have a wide range of practical applications, including the
design of more efficient chemical reactors and heat exchangers, as
well as the evaluation of how thermal stratification affects the
efficiency of cooling systems in electronic devices (Wang et al,
2023).

Using a porous material and a magnetic field (Mondal et al.,2017)
examined the impact of chemical processes and radiation on the
transfer of mass in unstable natural convection flow across an
infinite perpendicular plate moving at an exponential pace.

Existence and Uniqueness Solution of Transient Natural Convection Flow Past a 944

(Paul and Deka, 2013) Presented analytical investigation to study
the effects of thermal stratification and mass stratification on
natural convection heat and mass transfer over moving vertical
cylinder. The study of mixed convective fluid flow around cylinders
with various cross-sectional shapes cannot be overemphasized. It
provides insights into how geometry affects heat and mass transfer
in stratified flow conditions as investigated by (Olayemi et al.,
2023).

Free convection boundary layer flows over a vertical surface in a
doubly stratified fluid-saturated porous medium in the presence of
constant suction/injection has been analyzed (Srinivasacharya et.
al., 2015).

(Rehman, et al, 2023) Presents heat and mass transfer
characteristics of Casson fluid flow over flat and cylindrical
surfaces, providing a comprehensive analysis relevant to stratified
flow scenarios. (Paul and Deka 2017) presented an analytical
investigation of one-dimensional free convective flow past a
stationary infinite vertical cylinder with combined effects of thermal
and mass stratification (both not temperature dependent) but
neglected viscous dissipation energy

Similarly, (Megahed and Abbas, 2022) researched the
consequences of non-Newtonian fluid flow over a porous medium
on both effects. They also considered how buoyancy-driven flows
in a stratified fluid were examined and came up with an analytical
solution to describe how fluid would flow past an infinite vertical
plate. (A. Selvaraj and E. Jothi, 2021) studied MHD and the
absorption of radiation of a stream of fluid passing a vertical plate
moving at an exponentially increasing rate, when warmth and mass
diffuse exponentially across a porous material, and the influences
of the source of heat on these variables.

(Muthucumaraswamy and Visalakshi, 2019) Investigated the
impact of heat radiation on the motion of a fluid with a high viscosity
and low compressibility through a vertically infinite plate moving at
an exponential rate, subject to a homogeneous mass diffusion and
changeable temperature.

The present study focuses on analyzing a specific class of Natural
convection flow past a cylinder with thermal and mass stratification.
We address a fundamental question, whether the model admits a
unique solution by employing the Lipschitz continuity approach
under theorems described by Ayeni (1978). Through rigorous
investigation of the existence and uniqueness of solutions, this
research aims to contribute to the advancement of reliable
predictive tools for understanding and mitigating fluid flow behavior,
embedded with viscous energy dissipation.
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MATERIAL AND METHODS " _g :

We consider a fluid that is stratified, viscous, and in-compressible, CR = fluid concentration at the plate
traveling along an accelerating vertical plate with a first-order cp = Specific heat Capacity
chemical reaction present. We use a coordinate system in which

the y' axis is perpendicular to the plate and the x-axis is taken K = thermal diffusivity

vertically upward along the plate to study the flow situation. The K- =thermal conductivity
fundamental equations of momentum, energy, and mass T o
conservation are used to develop the system of equations that ) = thermal stratification parameter
describes unsteady flow via a porous material with exponential = diff 1 -

mass diffusion and fluctuating temperatures across an indefinitely DT diffusion coefficient
accelerated vertical plate. An existing model is seen in the work of & = mass stratification

(Paul and Deka 2017) and thus modified to its present form for a
more comprehensive framework for modeling convective flows
past cylindrical plates.

The temperature-dependent thermal conductivity and diffusion
coefficient are in the form:

U, = velocity at the initial point.
&, = constant

D* = diffusion coefficient at the solid phase

T! T’ *= L. .
KT _ Ko — |, and DT _ Do o ) K" =thermal conductivity at the solid phase
0 0 hf = the convective heat transfer coefficient at the fluid phase
T;-e Ie;ding governing equations for this investigation follow thus: hm = mass transfer coefficient at the fluid phase
——|(r'u’)=0 2
r' or’ ( ) @ RESULTS AND DISCUSSION
' o au’ Method of solution
p—= HO I"—)ergﬂ(T'—T')ergﬁ* (C’_C' ) Ayeni (1978) investigated the issue of the existence and
' ' ' ' R R . . . .
ot r'or or uniqueness of the solution, revealing, among other findings, that
3) these qualities are reasonably well understood. The subsequent
o' ko aT’ au’ 2 system of parabolic equations serves as an illustration:
C, = K || = | v @) 0
P o r’&r'[ T ar'j ﬂ[ar’j 4 a—f=A¢+f(X,t,¢,U,V),XERn, t>0 @
oC' 10 (5 .C , 2
— == 5| D' — |-¢u ®) Z=Au+g(xta,uv),xeR", t>0
ot r'or or ot
Subject to initial and boundary conditions are formulated as: (8)
ou’
u'(r',0)=U,, =&, u'(Rt')=0 ov
(r:0)=t, oy~ (R1) EZAV+h(X,t,¢,U,V),XER", t>0
T(r0)=T,, K ?; —h, (T(0t)-T7), T'(Rt)=Ty (©)
o r=0 #(x,0)=f,(x), u(x,0)=gy(x), v(x,0)=hy(x), X:(X\ Xprees X;)
c'(r',0)=C;, -D’ > =M (c(ot)-Cg), C'(Rt)=C; (10)
©) e (8.0): fo(x),9,(x) and hy (x) are bounded for
whe_re, . . Xe R". Each has at most a countable number of
p = fuid density discontinuities
U’ = fluid velocity (.2: f,g and h satisfies the uniform Lipchitz condition.
r_
t -twpe S (Xt UV, ) = (X, 8y Uy ¥, )| < M ([ — ] +[u, Uy |+ v, =V, |), (x,t) €G,
M = kinematic viscosity (1)
I'' = radial coordinate _ . n
g = acceleration due to gravity Where, G = {(X’t) xeR%,0<t< T}
/3 = volumetric coefficient of thermal expansion, Theorem (Ayeni 1978): Let ( f,. 90, ho) and ( f,g, h)
T = Temperature of the fluid satisfy (S.1) and (S.2) respectively, then there exists a solution of

T, = starting temperature at the plate problem (7) - (10).

*
ﬂ = volumetric coefficient of expansion with concentration,

C' = Concentration of the fluid
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Dimensionless analysis
Dimensionless variables are been introduced as

t:U_Ot , r:r_ i u=U_7
R R U,
C'-C, T -T

g=—"2 9= 2 (12)
C.-C, T,—T,

Using (12), on (2) -
equations (13) - (16

)
ou 110( ou
E“R_eFE(rE)_G’”(l_H)_G””(1_¢)
(13)
o

ad) %J+ E(@_u}z —7,u
or )" Relar) 7
(14)

%:ilﬁ(rame)g—fj—%u

(6) gives the dimensionless form of the model

0_110
ot Peror

ot P,ror
(1)
Subject to,
u(r,0)=1, il =£, u(L,t')=0
ar r=0
0(r,0)=1 90— _Nu6+Nu o(Lt)=1
or |-
#(r.0)=1 % ——Sh ¢+ h, p(Lt)=1
r=0
(16)
Where,

Re =Reynold number,
Gm = Thermal Grashoff number,

Gr¢ = Mass Grashoff number

Pe = Peclet Energy;
¥ g = Thermal Stratification;

EC = Eckert number
= thermal diffusivity

Pem = Peclet energy mass;
= Mass Stratification
Sh,, = Sherwood number

Existence and Uniqueness of Solution
Here, (13) — (15) are written as follows,

ou_ 1 o%u 1 1(éu
G, (1-0)-G,  (1-
at Re[arz}LRe r(@rj 0 (1-0)-G,, (1-9)

(17)
2 2 2
1, 00)(20). L, (ei) +i1(1+a9)(%j+5(iu] .
ot Pe or* ) pe \or Per or) Relor
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2
e LA P L R L R
ot P or P oror P_r or

em em em

(19)

Theorem 1: Let
_Hga, %gb a'?SC a¢<dand r>0
ot ot or or?

Then there exists a unique solution

u(r,t), (r,t), and ¢(r,t) of equations (17) - (19).

Proof of theorem:- We rewrite the equation (17) - (19) as

2
u ia_r“+f(r,t,u,9,¢), reR", t>0

(20)
—=——+0(r.tu,0,4), reR", t>0
r
(21)

op 1 0% :
9 _ 299 h(rtu,6,¢), reR", t>0
ot P or ( #). e

@)
Where

1 1(0ou

f(r,t, 1-6)- 1-
(rt.6.0)= 2 3 -6, 1-0)-G, (-9

(23)

oouman-af el ol B2l

(24)
0 1 o¢g00 11 0
h(rt,u.0,4) = (aﬁ)[a¢] 1,25, P—F(1+a9)[6—fj—g¢u

(25)
According to Toki and Tokis (2007), the fundamental solutions of
the equation of equation (20) - (22) are;

F(rt)= T o exp(——rj
(26)
G(r,t)= o~ ; %t% exp(——erj
(27)
H (r,t):%exp(—ﬁrj
2t ()t LA
(28)

Next, it suffices to show that the Lipchitz conditions in Lemma 1 are
satisfied. That is if we can show that;

[f(xtu,6,6)— f (X1,U,,60,,8,)| < K, (Ju, —U,|+]6, - 6, +|¢, — 4,])

(29)
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|9(xtu, 6, 4) -9 (X t.U,,6,.4, )| <
(30)

|(xtu ) é)— (x,t,u2,92,¢2)|sK(|
(31)
Where,
K, =max fas H o Kfmax@a—ga—g Kfmax@ih“a—h‘
1 aul'loo]'|og|[ 2 oul'loo|'|og|[" 2 ou|'|00|'|og
(32)
of
—:O, _:Grﬁ’ —_ =
au o0 o¢
(33)
2
ag =7, ‘ l i il % ic+£ , aigzo
au Pe o’ Per or Pe r o¢
(34)
2
., ‘ ,L @2t 1100 _ayty g
ou r P,r or P, r o¢
(35)
Since,
Gy Gy 790 6,20, r>0 and 0<¢ < gmax

(36)
K, =max{0, G, G,,} =G, +G,,

(37)
K, = maX{yg, 0, O} =7,
(38)
K, =max{e,, 0, 0} =¢,
(39)
Therefore,
[f (6 tu,6,6)— T (X6,U,,60,,8, )| < K, (Ju,—u,|+]6, - 0,]+]d, — 4])
(40)
‘g(xvtvulv‘gllgjl)_ (Xt u, 9 ¢2 ‘— (‘U _UZ‘ ‘9 9‘ ‘¢1 ¢2‘)

(41)

(X tu,6.8)—h(Xt,U,,6,,8,) < &, (|u,—u,|+[6, - 6,|+|h — 4,])
(42)

Thus,

f(r.t,u,0,¢), g(r,t,u,6,¢)and h(r,t,u,0,¢)

are Lipschitz continuous. This completes the proof.

Conclusions

In this study, we analytically establish the existence and
uniqueness of solutions to the governing model equation for
unsteady natural convection flow past an infinite cylinder. A key
novelty of our work is the incorporation of temperature-dependent
thermal conductivity and diffusion coefficient as well as the
incorporation of the viscous dissipation energy explicitly to the
energy equation, which to the best of our knowledge, has not been
previously integrated in this manner. By explicitly accounting for
these modifications, we provide a more comprehensive framework
for modeling transient natural convection flows. Our findings offer
a solid theoretical foundation for future numerical simulations and
reinforce the well-posedness of the model, ensuring its ability to
accurately capture the underlying physical phenomena under
specified conditions and assumptions.
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