Science World Journal Vol. 20(No 3) 2025
www.scienceworldjournal.org

ISSN: 1597-6343 (Online), ISSN: 2756-391X (Print)
Published by Faculty of Science, Kaduna State University

EVALUATION OF NEW LIU-RIDGE TYPE ESTIMATORS FOR
IMPROVED POISSON REGRESSION: THEORY AND SIMULATION

Kayode Olakunle, *Abiola T. Owolabi, and Timothy O. Olatayo

https://dx.doi.org/10.4314/swj.v20i3.54

Department of Statistics, Ladoke Akintola University of Technology, Ogbomoso, Nigeria

*Corresponding Author Email Address: atowolabi@lautech.edu.ng

ABSTRACT

Poisson regression is a common tool for modelling count data,
but its performance deteriorates under multicollinearity among
predictors, leading to unstable and inefficient maximum
likelihood estimates. This study proposes a Poisson New Liu-
Ridge Type Estimator (PNLRTE), a hybrid approach that
combines features of the Liu and ridge estimators with multiple
shrinkage strategies to improve estimation accuracy. The
properties of the new estimator were derived, and its
performance was evaluated against existing estimators,
including Poisson Maximum Likelihood Estimator (PMLE),
Poisson Ridge Estimator (PRE), Poisson Liu Estimator (PLE),
Poisson Kibria-Lukman (PK-L), and Poisson Modified Ridge
Type (PMRT). Performance was assessed across varying
sample sizes, degrees of multicollinearity, number of
predictors, and intercept specifications. Results consistently
show that the PNLRTE with median shrinkage (PNLRT-ME)
outperforms alternatives, achieving the lowest mean squared
error (MSE) in most scenarios, particularly under severe
multicollinearity and larger samples. Other estimators, such as
PLE and PK-L, perform competitively under moderate
correlations, while PRE gains efficiency as sample size
increases. In contrast, PMLE consistently yields poor results.
The findings establish PNLRTE, especially PNLRT-ME, as an
efficient ~ alternative  for  Poisson  regression  with
multicollinearity, providing researchers with a reliable tool for
practical applications.

Keywords: Poisson Regression, Multicollinearity, Ridge
Regression, Liu Estimator, Shrinkage Techniques, Mean
Squared Error

INTRODUCTION

In modern statistical analysis, the choice of a regression model
is largely determined by the nature of the response variable
under investigation. While linear regression is well-suited for
continuous outcomes and logistic regression addresses binary
responses, many real-world phenomena involve data that
naturally arise as counts, such as the number of hospital visits,
traffic accidents, or product purchases. In such cases, the
Poisson regression model provides a powerful framework for
exploring relationships between explanatory variables and a
count-based response. (Abdelwahab et al. 2024) described the
Poisson Regression Model as a crucial statistical tool applied
in various fields for the analysis of count data. It is valuable
when examining the relationships between one or more
explanatory variables and a response variable that represents
rare events or non-negative integer counts (Lukman et al.,
2021). Poisson regression models are a fundamental
component of statistical methodology for analysing count data,
particularly in areas such as epidemiology, ecology, insurance,
and public health (Cameron and Trivedi, 2013). These models
assume that the dependent variable follows a Poisson
distribution, with the logarithm of its mean related linearly to a
set of predictor variables. Despite their widespread application

and utility, Poisson regression models encounter significant
challenges when predictor variables are highly correlated, a
situation known as multicollinearity (Olakunle et al. 2025). The
Poisson Regression Model (PRM) employs maximum
likelihood estimation (MLE) to estimate its regression
coefficients, making it a reliable tool for analysing count data
that follows a Poisson distribution (Alrweili, 2024). However, in
the presence of multicollinearity among predictors, the MLE
can become unstable, leading to large variances and biased
estimates of the regression coefficients (Montgomery et al.,
2012). Multicollinearity in the maximum likelihood estimators
(MLEs), can also lead to reduced precision and unreliable
inferential results (Lukman et al., 2024).

The idea of ridge regression originated from the work of Hoerl
and Kennard (1970), whose backgrounds in engineering
problem solving, natural sciences, and mathematical statistics
were instrumental in its development (Hoerl, 2020). Their
primary goal was to address the persistent challenge of
multicollinearity in linear regression, particularly in engineering
data. They demonstrated that introducing a nonzero constant
k, known as the ridge parameter, could reduce the mean
square error (MSE) of the ridge regression estimator to a level
smaller than the variance of the ordinary least squares (OLS)
estimator (Kibria and Banik, 2016). Since then, numerous
researchers have proposed various estimators for the ridge
parameter k, including Hoerl and Kennard (1970), Hoerl et al.
(1975), McDonald and Galarneau (1975), Lawless and Wang
(1976), Dempster et al. (1977), Gibbons (1981), Kibria (2003),
Khalaf and Shukur (2005), Alkhamisi and Shukur (2008),
Muniz and Kibria (2009), Muniz et al. (2012), Ayinde et al.
(2018), Oladapo et al. (2022), Owolabi et al. (2022a, 2022b)
and Idowu et al. (2023) among others. In a related
development, Liu (1993) introduced the Liu parameter d as an
alternative approach to mitigating multicollinearity. Building on
both concepts, subsequent studies have proposed combined
ridge-Liu estimators to further enhance estimation
performance under multicollinearity. While these techniques
are effective in linear models, direct application to Poisson
regression requires adjustments due to its specific
distributional and link function characteristics.

For Poisson Regression Models, the following works have
been carried out to mitigate the problem of multicollinearity in
PRM; Algamal (2018), Amin et al. (2021), Lukman et al. (2021;
2022) and Olakunle et al. (2025). This research introduces a
new hybrid estimator that combines the ridge-type and the Liu-
Ridge Type estimators based on two shrinkage parameters, k
and d, for Poisson regression models (PRMs). The new
estimation method also utilizes some shrinkage parameters to
produce efficient estimators in PRMs.

MATERIALS AND METHODS

Existing Estimators

Poisson Maximum Likelihood Estimator (PMLE)

Assume that the outcome variable under consideration follows
a count distribution. In this case, the probability mass function
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of the Poisson distribution is given by
yi

exp(= 41 )i
fy,) ==

i
with parameter , a key property of the Poisson model is that
the mean and variance are equal;

E(y) =Var (y) = /L. Tolink the expected value of the

response with a set of predictors, a transformation function, g,
is introduced such that

g(/ui): =B+ BX +..+ B,X, = Xi B
)

Here, g denotes the link function. Among several possible
choices, the log link is most commonly employed in Poisson
regression because it ensures that predicted values of the
response remain strictly positive. The model parameters are
typically estimated via the method of maximum likelihood. The
likelihood function for the Poisson regression model is

Y, =012,...

https://dx.doi.org/10.4314/swj.v20i3.54

expressed as
n yi n
v ool i ) l:[ui EXP[—;M]
I(ﬂ):H p( yﬁ.)ﬂ. s . 1
= . Hyi!
i=1

(3)
M = g_l(Xi' ﬂ) Once a link function is specified, the
estimation process involves maximizing the log-likelihood,

|n|(ﬂ):zn1:yi In(ﬂi)_iﬂi_iln(%!) )

which is nonlinear in the coefficients B. As closed-form
solutions are not available, iterative numerical procedures are
applied. One such procedure is the Fisher Scoring algorithm,
where the update rule is given b(:
B

ﬁt+l _ :Bt 1 7l(ﬂt )S B

where S(f3) = %ﬁﬂ) and

14(B)=(-E@I(B)10poPH)".  w

convergence, the estimator of § is obtained as:

BPME = (X WX) X W2 ©)
where V\7 = diag (,uiz) matrix and

7= XﬂMLE Nt H = # , is the adjusted dependent

1
variable. Both W and Z are computed iteratively through the
Fisher Scoring steps (Hardin and Hilbe, 2012). The asymptotic
covariance matrix of the estimated coefficients and the mean
square error are given by:

COV(ﬁMLE ) =o(X WX )" (7)
where o = (L/(N — p))il: [(yi -6 /éﬁ]
and

. P 1
MSE (e ) =02~ ®

where A; is the i eigenvalue of the matrix X WX .

Liu Estimator in Linear and Its Application in Poisson
The Poisson Liu Estimator (PLE) was also defined by Qasim
et al. (2020) and Amin et al. (2021) as follows:

A A 1 A A

e = (XWX + 1] (X WX+l )Be
0<d<1 9
Qasim et al. (2020) and Amin et al. (2021), Akay and Ertan

(2022), Lukman et al. (2022), and Abonazel et al. (2023) going
by their scholarly work determine the optimal value of d as:

R @?-1
d; = max| 0, —Zp“ R (10)
i p+1 maxj<uij)+muxj(&]2-)
@Z-
d, = max( 0, min S i — (11)

J J maxj< )+maxj(a )

Ridge Estimator in Linear and its Application in Poisson
The Poisson Ridge Estimator was proposed by Mansson and
Shukur (2011) while Kibria (2003) proposed estimators by
taking the Geometric Mean, Arithmetic Mean, and Median (p=
3) of the ridge parameter. These estimators are respectively
defined as:

=2

KK =—— (12)
(Hf’ 1&%)5

ki = Zl m (13)

. 52

Kl = Medlan (?) (14)

The Poisson Ridge Estimator proposed by Mansson and
Shukur (2011) is defined as:

Pore = (XWX+kI)1XWXﬁMLE,k>o (15)

Kibria - Lukman Estimator in Linear Regression and Its
Applications in Poisson (PKLE)

The Kibria — Lukman (KL) estimator proposed by Kibria and
Lukman (2020) is defined as:

Brr = X'X + kD7X(X'X — kD) By, (16)
Lukman et al. (2021) developed a Poisson Kibria-Lukman
estimator as a remedy to multicollinearity in PRM, and it is
defined as:

ok, = (XWX + kD) (XWX — kD)o, (17)

Proposed Poisson New Liu Ridge Type Estimator
(PNLRTE)

Following the works of Amin et al. (2021) and Olakunle et al.
(2025), this research developed the Poisson New Liu Ridge
Type (PNLRT) Estimator. The newly proposed PNLRT
Estimator is defined as:

Benirr=(X'WX + DY (X'WX + dD)Beyrr  (18)

The properties of the newly proposed estimator &py; zr in its
canonical form, which are the expectation, bias, and dispersion
matrix are determined in the following ways, respectively:

E(dPNLRT ): E((A+ I)_l(A"' dl )dPNRT )

(A 1) (A A () A
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(19)
BiaidPNLRT ) = E(dPNLRT )_ @

=—(Ak+A+k+d)A+ 1) (A+(k+d)l) e
(20)
Cov(@pyLrr)

=(A+ 1T A+ A A+ K+ A A+ (A dl A+ (ki)

(1)
The MSEM and MSE in terms of eigenvalues are defined
respectively as:

MSEM (aAPNLRT ): COV(aAPNLRT )+ BiaS(&PNLRT )Bias(&PNLRT )

=(A+ 1) A+d)A+(k+d)) AN+ 1) (A+d)A+(k+d))?

e d) A= o (1) edn e (e o) a1

(22)
MSE(&PNLRT ) = tr('VIMSE(O}PNLRT ))

. 3 2,4, +d) o (4,k+4, +k+dfa?
MSE o )= 2 G P G v (e dF 20, + 1T, + (e )F
(23)
Superiority of the PNLRT with existing estimators using
the MSEM criterion
The newly proposed estimator PNLRT is compared with
Poisson Maximum Likelihood (ML), Poisson ridge estimator
(PRE), Poisson Liu estimator (PLE), Poisson Kibria-Lukman
estimator (PKLE), Poisson Modified Ridge-Type estimator
(PMRTE), and Poisson Liu Two-Parameter Estimator
(PLTPE).

Comparisons of &PNLRT with existing estimators

1. Comparison of & py gt aNd X pyie

~ Al A n _ -1
Apye =AZWC C0V<aPMLE ) =g\
(24)

Theorem 1: &PNLRT is better than Clpyy ¢ if

a (A1) (A+d A+ (k+d)I) A=

with

NGEE
(25)

F=A"—(A+1) (A+dl)A+(k+d)I)

(26)
Proof:
The difference of the dispersion is

AA+T) mﬁ@mﬁﬂ’\ %‘“drji

A=A+ 1) (A d)A+(k+ 0 AA+ ) (A +dn A+ (k1)

is positive definite for- ="
(2, +1f (2, + (k+d)f - 2(2, +df >0
Jfork>0and0<d<1.

2. Comparison of dPNLRT and lppe

~ 1, A
Opre = (A + kl) Aapy e

(29)
And the matrix mean squared error is given as:

MMSE (e )= (A-+ K1 A +KI V(A +KI Y = 1t (A1) =1)
(30)
Theorem 2: &PNLRT is better than &/ pge if

a((A+1) (A+dYA+K+d)) A-1)(G+(A+k): =1 (A+k)* = 1))

(A+1)y*(A+diXA+(k+dI)*A—1 ) <1
(31)
G=(A+kl)™ AA+) T (A+d)A+(k+d))™

AA+KD) T =(A+1) " (A+d ) A+(k+d))*

(32)
Proof:
The difference of the dispersion is

COV(&PRE ) COV(&PNLRT )
= (A k) A+ (A 1 (A A A+ (k+ A1) (A+d)A+(k+d)r)

(33)
A A (’11 +d)2 }

+k)2 (ﬂj +1)2(/1j +(k+d))2
(34)

- diag{ 7

It is observed that

(A+K) AR = (A+ 1A+ A+ (k) AN+ (A+d A+ (k+d) )
is positive definite for

(2, +1P (1, + (k+d)f (2, + k(4 +d )} >0
,fork>0and0<d<1.

3. Comparison a and
+I)10A+ K dfg; A1) <1
- PMLE

PLE

MSE) of PLE is defined as:
DA+ +(A+d)A+1) = oa (A+di YA +1)-1)
(36)

Theorem 3: dPNLRT is better than dPLE if

COV(@e )~ COV{@gre )= A — (A 1) (A -+l AL E AR o A (e -1 )

(27)
_ diagl L _ A (/11 +df
- 4 (ﬂ“j +1)2(ﬂ~j +(k+d))2
(28)

It is observed that

Evaluation of New Liu-Ridge Type Estimators for Improved Poisson Regression:

(A1) (A+dIXA+(k+dI)*A—1 ) <1
(37)
H=A+1)"(A+dDA*(A+dI)A+1)" —

(A1) (A+dIYA+(k+d))™
(38)

AA+D) A+dIYA+(k+d))?

Proof:
The difference of the dispersion is
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COV(OA‘ PLE ) - COV(O? PNLRT ) =

(A1 A+ DA A+ A)A+ 1) =(A+ 1 A+ A+ Kk d) AN+ A+ d A+ (k+d) )
(39)

Aj(lj +d)2 ]
(/11. +1)2(Aj +(k + d))2
(40)

(/I. +d)2

=diag) o (2, +1p

Itis observed that
N e e ) R ) e O R
The matrix mean squared error (MMSE) of PKLE is defined as:

is positive definite for
(4, +1f (4 + (k+ ) f -2 (2, +2f >0
fork>0and0<d<1.s

A

5 a
4. Comparison of Qpy gre and ~ PKLE

Aok = (A + Kl )71(/\ — ki )aAPMLE
(41)

MMSE (G )= (A -+ k1) (A KA (A = kI YA +K1) ™+ (A kI (A =K1 )= 1o (A + K1) (A - k1) = 1)

Theorem 4: dPNLRT is better than &/ pyq, ¢ if

(42)

o (A1) A+ d XA+ ke A= 1)+ (A k) Ak e (A + k) (A -k)-1))

A+ (A+diXA+k+dI) A=) <1
I =(A+k)™ (A=KDA(A=KIYA+KI)™

Proof:
The difference of the dispersion is

COV(&PKLE)_ COV(O’ZPNLRT )
=(A+K) (A -KDA (A=K YA +KI)*

(o, -iF

—(A+ 1) (A+dI)A+(k+d))™

—(A+ 1) (A+d YA+ (k+d)1) AN+
’11(/11' +d)2

(43)
AA+DH(A+dIYA+(k+d))*
(44)

D (A+dIYA+(k+d))™

= diag -
“ Lj(zj kP (4, 1P +(k+d))2} "

It is observed that

(A+kI)HA=KDA(A=KIXA+KI)™

is positive definite for
5. Comparison of & pNLRT and a PMRTE

Apnre = (A + k(1+ d )I )_lAdPMLE

The matrix mean squared error (MMSE) of PKLE is defined as:

MMSE (Gpyere )= (A+ 1) (A +dI A+ 1) (A +dI YA +K@L+d)l)*

H(A+k@+d)) A= (A +k@+d)) A

Theorem 5: (Zpy gy IS better than & pypre if

o (A+ 1) (A+diXA+(k+d))*A
(A1) A+dYA+K+d)) A= Jr<1

J=(A+1) " (A+dIYA+1)(A+dIYA+k@+d))™
AA+)H(A+d YA+ (k+d) )™

—(A+1) (A+dl YA+ (k+d)I)*

Proof:
The difference of the dispersion is

COV(& PMRTE )_ COV(&PN LRT )

(A1) (A+dIYA+(k+d))™
(2, kP (2, +1P (2, + (k+d)f = 22(4, +d P (2, +K) >

I)(J +((A+k(1+d)

(A+ Y A+dI)A+(k+d))”

,fork>0and0<d<1.

(47)
AA+K@+d))*

= ) (48)

A=t (A ke d) ) A=) |
AA+k@Q+d))™ (49)

=(A+1)"A+dDA+D)T(A+dINA+K@+d)) AN +Kk@+d))T
—(A+1) A+d)A+(k+dN) AN+ ) (A+dA+(k+d)I)™ (51)
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— diag Ledf 4,0, edf
(’11 +1)2 (ﬁ'j + k(1+d))2 (/Ij +1)2 (’11 +(k +d))z (52)
tis observed that (A 1) (A+dDA+ 1) (A +dI YA +k@+d)I ) AA+k(@+d)I)™
—(A+ 1) (A+dD) A+ K+ AN+ (A+dA+(k+d)1)* (53)

(2, + (k+d)f = (2, +k@+d)f >0

is positive definite for Jfork>0and0<d<1.

6. Comparison of Qpp g @nd & prpe

dPTPE = (A + kl )_1 (A - d I )dPMLE (54)

The matrix mean squared error (MMSE) of PKLE is defined as: '

MMSE (dpyere ) = (A -+ kI A (A—dl A +KI V(A =l )+ (A + K1) S(A—d)~ e (A + kI (A=l )-1)
(59)

A A

a a
Theorem 6:  "MNLRT s petter than ~ PTPE f

(A1) A+ XA+ () A1) (H (A k) A —d)= e (A kYA —di)—1))
AA+ 1) (A+dYA+K+dI)*A—1 )z <1
(56)

(A (A =dDA+K) T (A=d)=(A+ 1) (A+dA+Kk+d)) AN+ (A+dJA+(k+d)i)

(57)
Proof:
The difference of the dispersion is

COV(&PTPE ) - COV(dPNLRT )

=(A+kI)H(A=dI A+KI)H(A=dl)=(A+ 1) (A+d YA+ K+d)) " AA+1) (A+dI)A+(k+d)1)™?
(58)

(/1 -df ij(’% +df

= diag (ﬂ +k) (ij+1)2(/1j+(k+d))2

(59)
Itis observed that
A+k) T A=di)A+kD)HA=dD)=(A+D) T (A+dIA+(K+dN) AN+ (A+dINA+(k+d)1)™

(A =d P 1P+ k)P - A (4 +d (2 kP >
is positive definite for ~ J J ] AN/ j
Selection of parameters k and d for Poisson new Liu-ridge type estimator

2 2
MSE(deLRT)ZZp: )“(/1 +d) Z:(ﬂujk+}tj+k+d)0¢

2 2
j:l(ﬂj+l)(ﬂ +(k+d)f ,1(2j+l)(/1j+(k+d)) )
With d fixed, the optimal value of k is the one that minimizes MSE (dPNLRT) . Then, by differentiating g(k, d) with respect to k and

,fork>0and0<d<1.

equating to zero, we get
20-a?)+dl-a?)

k i
Jz oy (/11 +1) 61)

However, k depends on the unknown & i For practical purposes, it will be replaced by its unbiased estimator a i Hence, this will be

obtained as: ( ) ( )
~ A ll-ai)+dl-ai)
k= ,Z‘ a2(a, +1) =k

(62)
- g1 o) cuoar vt 65 ) s ()
Three shrinkage parameters namely; median of k \"MED }* Geometric Mean of k and midrange of k including the
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generalized form, are examined and studied for the Poisson New Ridge-Type (PNRT) Estimator. They are specified as follows:

kgn = MED (ai - d) (63)
i1

Kom = p;af d N

Rur = %[MAX (ai; - d) — MIN (&_1]2 - d)] (65)

Then, the optimal value of d can be considered to be the d that minimize MSE(&py 1)

Aj (’11 + d)2

p (}tjk+/1j +k+d)205j2

P
g(k,d): MSE (&PNLRT )= z
Let

*2

= (/Ij + I)Z()Lj +(k+d))2 = (/1j + I)Z(/ij +(k+d))2

Then, by differentiating MSE(&PNLRT) w.rt. dand equating to 0, we have

o [a?k(2, +1)- 2, (1-a?)
d — J J ] J
2w

(66)

However, d depends on the unknown & i For practical purposes, it will be replaced by its unbiased estimator a i Hence, this will be

obtained ( ) ( )

~ 2l @’k +1)- A 1-a?

d= j i j j
27 )

Monte Carlo Simulation

Simulation Design

Several simulation experiments were conducted to evaluate
the performance of the proposed biased estimator for Poisson
regression under multicollinearity, in comparison with existing
biased estimators. The study examined the influence of
sample size (n), degree of multicollinearity (p), and number of
explanatory variables (p). Following procedures used by earlier
scholars (McDonald and Galarneau, 1975; Gibbons, 1981;
Kibria, 2003; Lukman and Ayinde, 2017; Oladapo et al., 2023),
explanatory variables were generated as:

xij=(1- p?)'/2 zij + pZipr1, 8 = 1,2,.,p. j =
1,2,..,p. (68)

with z; ; drawn from a standard normal distribution and p? the
correlation between the explanatory variable, set at 0.75, 0.85,

(67)
0.95, and 0.99. Simulations considered p=2, 4, and intercept
values of
-1, 0, and 1, and slope coefficients satisfying 257:1 Bi=1
and B, = B, = --- = B,. Sample sizes are 25, 50, 75, 100,
150, 200. The experiments, implemented in R, involved 5000
replications, and performance was assessed using the mean
squared error (MSE):
MSE (%) = o= Z59°(8" = B)' (@* = B)

(69)
where ax denotes any of the estimators considered. The
estimator with the smallest MSE was identified as the best-
performing and most suitable under the simulation settings.
The experiment is replicated 5000 times.

RESULTS
Table 1. Computed Mean Square Error (MSE) for the difference estimator P=2 and y_;
PML PR PK- PM PAL PNLR PAL
E E PLE L RT PNL RT- T-MR RT-
N P RT ME GM
3' 5.83 0.5 0.5 0.4 0.5 0.52 0.30 0.601 0.61
5 68 276 290 610 290 9N 89 4 97
g' 5.80 0.6 0.5 0.5 0.5 0.59 0.30 0.651 0.66
” 5 29 164 895 218 895 60 59 3 49
5 g 6.34 1.0 0.8 0.8 0.8 0.82 0.43 0.905 0.84
5 23 109 215 116 215 35 53 4 02
g' 10.9 32 22 24 22 2.20 1.03 2.598 10.1
9 002 940 094 506 094 54 70 0 644
g' 5.97 0.1 0.2 0.1 0.2 0.26 0.16 0.286 0.30
g 5 80 743 609 733 609 09 16 0 02
0. 4.89 0.2 0.3 0.2 0.3 0.34 0.18 0.273 0.28
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8 35 073 421 018 421 21 43 1 61
5
g' 578 03 04 03 04 047 0.24 0.425 043
: 37 566 760 194 764 86 93 8 46
g' 701 10 08 08 08 137 033 662.3 434
; 40 603 448 648 451 37 54 766 03
3' 5.84 0.1 01 01 01 0.15 0.12 0.134 0.14
: of 258 553 242 553 53 02 1 30
g' 487 0.1 01 01 01 0.15 0.13 0.147 0.15

, ;s 61 462 518 420 518 18 27 2 40

5 g 545 02 02 02 02 024 0.18 0.249 025
: 25 366 456 168 456 56 56 1 30
g' 6.20 06 05 05 05 207 0.21 0.658 061
; 84 416 757 336 757 16 42 6 48
3' 520 00 01 00 01 0.10 0.09 0.096 0.10
! 17 969 000 968 000 00 46 6 16
g' 560 0.1 01 0.1 01 0.10 0.10 0.105 0.10

1 ] 27 127 093 106 093 9 46 0 80

0

0 3 551 0.1 01 0.1 01 0.18 0.15 0.188 0.19
: 14 o1 853 789 853 53 81 7 00
3' 6.06 05 04 04 04 047 043 0570 057
; 15 971 760 984 759 95 89 0 18
3' 513 00 00 00 00 0.04 0.04 0.049 0.05
! 16 496 489 493 489 89 89 5 20
g' 480 00 00 00 00 0.05 0.05 0.053 0.05

1 ] 14 550 548 561 538 28 47 9 54

5

0 g 538 00 00 00 00 0.08 0.08 0.080 0.08
: 36 980 836 939 836 36 84 5 08
g' 5,66 03 02 02 02 027 0.19 0340 034
; 02 164 747 718 747 50 04 6 10
‘7)' 486 00 00 00 00 0.03 0.04 0.041 0.04
! 07 416 408 18 398 88 14 4 25
g' 557 00 00 00 00 0.04 0.04 0.047 0.04

2 ] 02 497 478 495 468 58 81 0 76

0

0 g 554 00 00 00 00 0.07 0.08 0.073 0.07
: 97 928 779 885 779 79 38 1 30
g' 572 03 02 02 02 025 0.19 0.309 030
; 62 069 584 652 584 87 07 8 9

NOTE: Estimators with the minimum MSE in each row are bold
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Table 2: Computed Mean Square Error (MSE) for the difference estimator P=2 and y,

https://dx.doi.org/10.4314/swj.v20i3.54

PM PR PL PK- PM PNL PNL PNL
o i i i i PNL RT- RT- RT-
N 0 RT ME MR M
3' 28 0.1 02 0.1 02 0.28 0.10 027 027
! 037 750 832 672 832 31 72 63 62
g' 27 02 02 0.1 02 027 0.09 022 022
) ] 365 019 746 934 746 55 36 71 63
5 g 29 03 03 03 03 033 0.10 021 021
: 196 621 332 463 330 34 05 29 39
g' 45 11 08 10 08 0.65 051 0.49 073
; 159 575 329 137 304 31 45 99 29
3' 29 00 02 00 02 021 0.05 027 027
: 700 618 178 602 178 78 67 17 29
g' 25 00 02 00 02 0.22 0.06 027 0.27
; ] 479 729 272 708 273 73 28 37 44
0 g 28 0.1 02 0.1 02 0.25 0.07 025 025
: 416 315 548 274 548 48 60 76 76
g' 32 03 04 03 04 040 0.12 028 029
; 412 950 019 779 019 83 01 86 69
3' 27 00 02 00 02 0.20 0.04 026 0.26
: 013 446 038 434 038 38 13 04 07
g' 23 00 0.1 00 0.1 0.19 0.04 023 023
, ] 338 527 955 514 956 56 63 54 55
5 g 26 00 02 00 02 021 0.05 022 022
: 584 874 183 851 183 83 68 60 56
g' 29 02 02 02 02 0.29 0.07 0.23 0.24
; 445 479 926 392 926 40 33 76 15
3' 26 00 0.1 00 0.1 0.18 0.03 026 026
: 519 356 899 350 899 99 37 72 75
g' 28 00 0.1 00 0.1 0.18 0.03 022 022
1 : 161 400 890 393 891 of 43 98 99
0
0 g 27 00 0.1 00 0.1 0.19 0.04 0.18 0.18
: 162 752 985 734 985 85 46 87 82
g' 28 02 02 02 02 0.26 0.05 0.19 020
; 652 266 666 187 666 75 57 82 07
3' 25 00 0.1 00 0.1 0.17 0.01 022 022
: 550 179 745 177 745 45 73 88 90
1
5 g 24 00 0.1 00 0.1 0.16 0.01 020 0.20
0 ] 907 213 677 211 677 77 9 50 51
0. 26 00 01 00 01 017 0.02 018 018
9 694 384 767 377 767 67 15 66 67
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5
g' 2.7 0.1 0.2 0.1 0.2 0.22 0.04 0.19 0.19
9 745 280 227 242 227 27 16 36 40
3' 24 0.0 0.1 0.0 0.1 0.18 0.01 0.25 0.25
5 833 151 897 149 897 97 45 26 27
g' 2.7 0.0 0.1 0.0 0.1 0.18 0.01 0.22 0.22

2 5 845 183 815 182 815 15 68 86 87

0

0 g 2.7 0.0 0.1 0.0 0.1 0.18 0.02 0.21 0.21
5 387 338 885 332 885 85 98 13 14
g' 27 0.1 02 0.1 02 0.22 0.03 0.20 0.20
9 964 165 287 131 287 87 97 84 91

NOTE: Estimators with the minimum MSE in each row are bold
Table 3: Computed Mean Square Error (MSE) for the difference estimator P=2 and y,
PM PR PL PK- PM PNL PNL PNL
LE E E L RT PNL RT- RT- RT-

N p RT ME MR GM
9' 5.0 0.0 0.0 0.0 0.0 0.05 0.05 0.06 0.06
5 740 687 597 675 597 97 4 10 04
g' 5.1 0.0 0.0 0.0 0.0 0.06 0.05 0.06 0.06

” 5 520 835 670 812 670 70 81 71 63

5 g 5.4 0.1 0.1 0.1 0.1 0.10 0.13 0.10 0.10
5 010 665 050 542 050 52 41 45 32
g' 5.8 05 0.2 04 0.2 0.29 0.64 0.31 0.31
9 297 296 946 466 946 42 23 96 84
g' 438 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
5 877 231 254 231 244 24 31 29 28
g' 5.2 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02

5 5 975 276 264 275 264 64 62 71 69

0 g 5.0 0.0 0.0 0.0 0.0 0.04 0.03 0.04 0.04
5 004 518 469 507 469 69 74 62 57
g' 5.2 0.1 0.1 0.1 0.1 0.10 0.12 0.09 0.09
9 264 863 063 686 061 65 52 84 75
g' 49 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 986 171 166 171 166 66 65 69 68
g' 5.1 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01

7 5 768 196 189 196 189 89 84 92 91

5 g 5.0 0.0 0.0 0.0 0.0 0.03 0.02 0.03 0.03
5 417 345 316 339 316 16 72 19 17
g' 5.0 0.1 0.0 0.1 0.0 0.06 0.06 0.06 0.06
9 494 131 699 047 699 99 04 68 60

1 0. 5.2 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01

0 7 030 130 129 130 129 29 26 29 29
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0 5
g' 5.1 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 050 152 149 151 149 49 43 49 49
g' 53 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
5 295 283 263 278 263 63 27 64 62
g' 5.0 0.1 0.0 0.0 0.0 0.06 0.05 0.06 0.06
9 473 062 677 983 677 7 16 36 29
9' 5.1 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00
5 827 068 068 068 068 67 68 68 68
g' 5.2 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00

1 5 953 078 078 078 078 78 77 78 78

5

0 g 5.0 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 466 147 143 146 143 43 34 43 42
g' 49 0.0 0.0 0.0 0.0 0.04 0.03 0.04 0.04
9 570 536 433 512 433 33 09 33 29
9' 5.2 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00
5 543 056 056 056 056 56 56 56 56
g' 5.0 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00

2 5 336 068 068 068 068 68 67 68 67

0

0 g 49 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 723 129 127 129 127 27 19 27 26
g' 5.1 0.0 0.0 0.0 0.0 0.03 0.02 0.03 0.03
9 271 472 389 452 389 89 80 90 86

NOTE: Estimators with the minimum MSE in each row are bold
Table 4: Computed Mean Square Error (MSE) for the difference estimator P=4 and y_;
PML PR PL PK- PM PAL PAL PAL
E E E L RT PNL RT- RT- RT-

N p RT ME MR GM
3' 5.32 0.6 0.7 0.5 0.7 0.7 0.40 1.02 0.93
5 39 010 189 295 189 89 85 54 90
g' 5.02 0.6 0.7 0.5 0.7 0.78 0.46 1.03 0.94

9 5 04 704 887 77 888 98 19 25 12

5 g 5.21 1.1 0.8 0.9 0.8 0.89 0.58 1.16 1.07
5 24 889 852 185 853 06 02 67 00
8' 10.2 4.1 2.5 2.9 15 1.61 1.58 3.97 1.60
9 456 987 822 561 823 98 22 01 43
% 412 03 04 03 04 048 0.26 063 0.54
5 93 657 827 298 827 27 58 51 49

5

0 > 414 04 05 03 05 052 0.29 073 063
5 75 525 297 938 297 99 66 80 61
0. 5.35 0.9 0.6 0.7 0.6 0.64 0.44 0.99 0.89
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9 58 040 370 048 373 42 20 94 80
5
8' 8.76 3.2 21 2.3 1.1 1.20 1.11 1.72 1.20
9 81 733 178 602 181 43 78 99 75
2' 4.58 0.1 0.1 0.1 0.1 0.19 0.17 0.30 0.26
5 38 780 934 733 934 34 23 07 30
g' 3.84 0.2 0.2 0.2 0.2 0.23 0.18 0.35 0.30

7 5 89 178 369 078 369 69 35 57 10

5 8 4.60 04 04 0.3 04 0.40 0.29 0.71 0.60
5 79 493 077 930 074 77 09 24 81
8' 6.30 1.6 0.9 12 0.9 0.95 0.49 0.98 0.91
9 80 461 102 573 100 07 57 63 01
g' 4.67 0.1 0.1 0.1 0.1 0.14 0.13 0.21 0.18
5 17 303 399 286 401 01 08 32 75
> 435 01 0.1 01 0.1 0.18 0.14 0.25 021

1 5 99 633 870 586 870 70 35 14 38

0

0 8 442 0.3 0.3 0.2 0.3 0.34 0.23 0.56 0.47
5 77 254 411 960 412 12 30 43 01
8' 5.51 1.1 0.5 0.9 0.5 0.59 0.51 0.95 0.86
9 81 586 951 082 949 60 87 29 26
3' 3.80 0.0 0.0 0.0 0.0 0.08 0.08 0.09 0.09
5 03 812 831 804 831 31 02 65 40
g' 3.51 0.1 0.0 0.0 0.0 0.09 0.09 0.10 0.09

1 5 79 005 967 985 967 67 08 44 72

5

0 8 4.32 0.2 0.1 0.1 0.1 0.19 0.15 0.28 0.23
5 28 070 915 937 915 15 82 93 95
> 501 07 04 06 04 045 0.42 082 072
9 37 983 553 518 554 55 17 00 54
9' 4.41 0.0 0.0 0.0 0.0 0.06 0.05 0.06 0.06
5 74 549 614 546 614 14 46 40 52
g' 3.71 0.0 0.0 0.0 0.0 0.06 0.06 0.06 0.06

2 5 84 633 686 627 686 86 06 27 19

0

0 8 3.68 0.1 0.1 0.1 0.1 0.1 0.09 0.1 0.10
5 77 191 121 146 121 21 74 32 13
8' 4.34 04 0.3 0.3 0.3 0.31 0.27 0.56 0.48
9 36 491 099 834 099 03 67 63 28

NOTE: Estimators with the minimum MSE in each row are bold
Table 5. Computed Mean Square Error (MSE) for the difference estimator P=4 and y,
PM PR PL PK- PM PNL PNL PNL
LE E E L o7 PNL RT- RT- RT-
N p RT ME MR GM
2 0. 2.8 0.1 0.2 0.1 0.2 0.25 0.12 0.27 0.23
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5 7 070 951 587 723 587 87 69 09 77
5
g' 27 02 02 02 02 0.26 0.13 025 022
] 013 314 643 027 643 43 88 2 25
g' 27 04 03 03 03 031 0.16 022 0.19
: 091 051 157 515 154 57 51 40 40
g' 42 14 06 14 06 060 085 025 031
; 182 041 033 295 032 87 2 59 14
3' 23 0.1 0.1 01 0.1 0.19 0.09 020 017
: 676 269 986 167 986 86 08 19 16
g' 23 0.1 02 01 02 020 0.10 017 0.14

; ;s 344 666 086 517 086 86 46 36 81

0 g 27 03 02 02 02 0.26 0.12 0.15 013
: 603 377 602 974 603 02 83 7 27
g' 39 12 0.4 09 0.4 0.49 0.17 0.19 0.17
; 707 133 923 957 923 09 21 81 Y
?' 24 0.0 0.1 0.0 0.1 0.14 0.05 0.14 0.12
! 222 639 421 605 421 21 36 88 47
g' 21 00 0.1 00 0.1 0.14 0.06 013 011

, ;s 987 802 473 755 473 73 31 05 02

5 3 24 0.1 0.1 0.1 0.1 0.7 0.08 0.10 0.09
: 214 645 709 510 709 09 78 77 05
g' 30 06 03 05 03 034 0.10 013 011
; 406 123 448 202 448 46 84 16 13
3' 24 00 0.1 00 0.1 0.16 0.04 0.18 0.15
: 24 476 665 458 665 65 06 97 2
g' 23 00 0.1 00 0.1 0.16 0.04 0.16 013

1 ] 705 594 686 568 686 86 45 86 60

0

0 g 23 0.1 0.1 01 0.1 0.19 0.08 0.14 011
: 985 171 907 094 907 07 20 17 46
g' 27 04 02 03 02 029 0.11 0.16 013
; 899 360 965 852 963 64 80 48 36
‘7)' 22 00 01 00 01 011 0.02 0.14 011
! 612 207 193 289 193 94 65 11 31
g' 22 00 0.1 00 0.1 011 0.03 011 0.09

1 ] 073 372 169 361 169 69 09 74 29

5

0 g 23 00 0.1 00 0.1 013 0.06 0.09 0.07
: 893 770 372 731 372 72 11 61 7
g' 26 02 02 02 02 021 0.10 0.09 0.07
; 288 872 182 580 181 81 25 80 77

2 0. 23 00 01 00 01 011 0.01 014 011
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0 7 952 198 186 194 187 87 79 50 35
0 5
g' 21 0.0 0.1 0.0 0.1 0.10 0.02 0.11 0.09
5 323 235 069 230 069 69 00 48 01
8' 21 0.0 0.1 0.0 0.1 0.11 0.03 0.08 0.07
5 910 447 130 431 130 30 86 87 00
g' 24 0.1 0.1 0.1 0.1 0.17 0.08 0.08 0.06
9 037 645 723 505 722 22 44 14 37
NOTE: Estimators with the minimum MSE in each row are bold
Table 6: Computed Mean Square Error (MSE) for the difference estimator P=4 and y,
PM PR PL PK- PM PNL PNL PNL
LE E E L RT PNL RT- RT- RT-
N p RT ME MR GM
3' 6.0 0.0 0.0 0.0 0.0 0.07 0.07 0.08 0.07
5 323 7 740 762 740 40 25 11 62
g' 6.1 0.0 0.0 0.0 0.0 0.08 0.07 0.08 0.08
9 5 153 879 830 866 830 30 96 29 06
5 g 5.7 0.1 0.1 0.1 0.1 0.14 0.13 0.14 0.13
5 954 677 421 596 421 21 42 65 44
3' 6.3 0.6 0.3 0.5 0.2 0.27 0.27 0.43 0.37
9 329 123 332 088 796 95 92 47 91
9' 5.9 0.0 0.0 0.0 0.0 0.04 0.04 0.04 0.04
5 994 493 475 490 475 75 42 53 51
g' 6.2 0.0 0.0 0.0 0.0 0.06 0.05 0.05 0.05
5 5 026 645 600 636 600 00 35 60 59
0 g 5.6 0.1 0.1 0.1 0.1 0.11 0.09 0.10 0.09
5 654 383 129 314 128 28 68 16 98
g' 6.1 05 0.2 0.4 0.2 0.25 0.24 0.36 0.32
9 372 271 451 390 451 00 50 88 02
g' 54 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
5 013 239 252 239 242 32 34 44 43
g' 5.9 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
7 5 889 303 295 303 295 95 92 95 94
5 g 55 0.0 0.0 0.0 0.0 0.05 0.04 0.05 0.05
5 063 640 551 629 551 51 71 12 23
g' 5.7 0.2 0.1 0.2 0.1 0.22 0.14 0.19 0.17
9 313 583 403 328 403 68 03 77 00
3' 5.4 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
] 5 067 179 177 179 176 79 74 81 81
0 g 5.6 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
0 5 131 223 218 223 218 18 17 19 18
0. 5.6 0.0 0.0 0.0 0.0 0.04 0.03 0.03 0.03

Evaluation of New

Liu-Ridge Type Estimators for Improved Poisson Regression:

Theory and Simulation

1303


https://dx.doi.org/10.4314/swj.v20i3.54
http://www.scienceworldjournal.org/

Science World Journal Vol. 20(No 3) 2025 https://dx.doi.org/10.4314/swj.v20i3.54
www.scienceworldjournal.org

ISSN: 1597-6343 (Online), ISSN: 2756-391X (Print)

Published by Faculty of Science, Kaduna State University

9 944 451 418 446 418 18 65 97 99
5
g' 58 0.1 0.1 0.1 0.1 0.11 0.14 0.11 0.11
9 261 811 198 694 198 98 12 96 00
3' 5.8 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 950 113 111 110 111 1 10 12 13
g' 5.9 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01

1 5 358 138 137 138 137 37 37 37 37

5

0 g 5.5 0.0 0.0 0.0 0.0 0.02 0.02 0.02 0.02
5 525 292 277 290 277 77 55 70 69
g' 5.6 0.1 0.0 0.1 0.0 0.08 0.07 0.07 0.07
9 357 203 875 150 875 75 78 93 90
g' 53 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00
5 284 074 077 074 076 74 76 75 76
g' 5.6 0.0 0.0 0.0 0.0 0.00 0.00 0.00 0.00

2 5 819 088 088 088 089 87 88 88 88

0

0 g 5.8 0.0 0.0 0.0 0.0 0.01 0.01 0.01 0.01
5 138 170 165 170 165 65 58 63 63
g' 5.5 0.0 0.0 0.0 0.0 0.05 0.04 0.05 0.05
9 880 671 557 655 557 57 87 87 04

NOTE: Estimators with the minimum MSE in each row are bold

DISCUSSION

Table 1 presents the Mean Squared Error (MSE) values for
proposed and existing estimators under varying sample

10.00000 . . .
4 < 00000 sizes andl correlation levels (p), with numbe_zr of param_eters
S p=2 and intercept y=—1. Across all scenarios, the Poisson
0.00000 Maximum Likelihood Estimator (PMLE) ~consistently
25 50 75 100 150 200 produced the highest MSEs, confirming its poor performance
N in the presence of multicollinearity (see Figures 1 and 2). In
contrast, PNLRT-ME, PK-L, and PMRT frequently emerged
e PMILE —— PRE PLE as the top three estimators with the lowest MSEs.
Particularly, PNLRT-ME dominated most settings, especially
e PK-L PMRT PNLRT at higher correlations and larger sample sizes, showcasing

its robustness and adaptability. PK-L estimator showed
strong performance in moderate sample sizes, often closely
following PNLRT-ME, especially for lower p values. MLRT
also ranked among the best in many instances, especially
when p = 0.75 or 0.85. The performance of all estimators
generally improved with increasing sample size (see Figure
5 ———— 1), and their MSEs increased with rising multicollinearity (see

e PNLRT-ME PNLRT-MR e PNLRT-GM

Figure 1: Effect of MSE with increasing Sample Size among
Estimators when p=2 and y;

& 0 Figure 2), though the top three estimators maintained relative
2 0.75 0.85 0.95 0.99 superiority across conditions. These patterns suggest that
Rho PNLRT-ME is the most efficient estimator across different
e PV LE e PRE PLE scenarios, with PK-L and MLRT as reliable alternatives
depending on the specific correlation level and sample size.
e=PK-L PMRT PNLRT Table 2 evaluates the performance of proposed and existing
PNLRT-ME PNLRT-MR PNLRT-GM estimators based on their Mean Squared Error (MSE) when
the intercept y=0 and number of parameters p=2. Across all
Figure 2: Effect of Correlation (p) on MSE among Estimators combinations of sample size and correlation level (p), the
when n=100, p=4, and y, PMLE continues to display the highest MSEs, confirming its
sensitivity to multicollinearity. In contrast, the three most
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consistently best-performing estimators are PNLRT-ME, K-
L, and PRE. The PNLRT-ME estimator clearly dominates,
frequently attaining the lowest MSE across nearly all sample
sizes and correlation levels. The PNLRT-ME especially
excels under higher correlations and smaller samples, where
other estimators tend to underperform. The PK-L estimator
often comes close behind PNLRT-ME, particularly for
moderate sample sizes and lower p values, while PRE
exhibits strong performance in larger samples, typically
emerging as the second or third best. As the sample size
increases, MSE values generally decline across all
estimators (see Figure 1), but the relative advantage of
PNLRT-ME  remains stable. Notably, PNLRT-ME
consistently adapts well across varying conditions,
reinforcing its robustness, while PK-L and PRE serve as
strong alternatives depending on the multicollinearity level
and size of data.

Table 3 assesses the Mean Squared Error (MSE) of
proposed and existing estimators under the condition y=1
and p=2, across different sample sizes and correlation levels
(p)- Once again, the PMLE consistently shows the highest
MSEs, confirming its poor suitability in multicollinear settings.
In contrast, the best-performing estimators across nearly all
settings are PNLRT-ME, PLE, and MLRT, with PNLRT-ME
emerging as the most dominant. Its performance advantage
is especially noticeable at higher values of p (0.95 and 0.99),
where multicollinearity is most severe. The PLE estimator
performs remarkably well in low to moderate correlations,
often tying with or trailing PNLRT-ME by a small margin.
MLRT also stands out in several instances, particularly in
smaller samples, maintaining competitiveness even under
extreme correlations. As sample size increases, all
estimators tend to improve (i.e. lower MSEs), but the relative
superiority of PNLRT-ME remains consistent. The
consistently minimal MSE values of PNLRT-ME highlight its
robustness across scenarios, making it the most reliable
choice when dealing with collinearity and varying sample
sizes, while PLE and PMRT serve as strong secondary
options.

Table 4 examines the Mean Squared Error (MSE) of
proposed and existing estimators when the number of
parameters p=4 and the intercept y=-1, under different
correlation levels (p) and sample sizes. As in Tables 1-3, the
PMLE consistently yields the highest MSEs, indicating poor
performance in multicollinear settings. In contrast, the
standout performers across most scenarios are PNLRT-ME,
PK-L, and PRE. Notably, PNLRT-ME frequently records the
lowest MSE, especially at higher sample sizes and extreme
correlations, highlighting its robustness under severe
multicollinearity. The PK-L estimator performs particularly
well in small to moderate samples and lower correlation
scenarios, occasionally outperforming others. PRE
consistently performed well, especially in larger samples.
While the PLE and PMRT estimators occasionally show
competitive MSEs, they generally lag behind the top three.
As the sample size increases, the MSEs of all estimators
reduce significantly, but PNLRT-ME maintains a consistent
edge, followed closely by PK-L and PRE, depending on the
p value. This pattern shows that PNLRT-ME is the most
efficient estimator, especially in situations with extreme
multicollinearity.

Table 5 presents the Mean Squared Error (MSE) values for
proposed and existing estimators when the number of
parameters p=4 and intercept y=0, across a range of sample
sizes and correlation coefficients (p). As expected, PMLE
continues to perform poorly across all scenarios, with the
highest MSEs in every case. On the other hand, the three
best-performing estimators are consistently PNLRT-ME, PK-
L, and PRE. Among them, PNLRT-ME stands out as the
most robust, recording the lowest MSEs in a majority of
settings, especially as sample size increases or correlation
becomes extreme (p=0.99). The PK-L estimator performs
well at lower correlations and smaller samples, often ranking
second to PNLRT-ME. PRE maintains steady performance,
particularly in moderate correlation settings, where it
occasionally outperforms others in terms of MSE. As sample
size increases, all estimators show decreased MSEs (as
shown in Figure 1), but PNLRT-ME's dominance remains
evident, especially for extreme multicollinearity situations.
This confirms PNLRT-ME as the most efficient estimator
overall, with PK-L and PRE serving as reliable alternatives
based on the data structure and multicollinearity intensity.
Table 6 presents the Mean Squared Error (MSE) for different
estimators under the condition p=4 and intercept y=1, across
varying sample sizes and correlation levels (p). As expected,
PMLE again records the highest MSEs in all cases (as
evident in Figures 1 and 2), confirming its sensitivity to
multicollinearity. The three consistently best-performing
estimators are PNLRT-ME, PLE, and PRE. However,
PNLRT-ME shows consistency, often getting the lowest
MSE or coming very close to the best result across nearly all
sample sizes and p values. It is especially effective at high
correlation levels (p=0.95 and p=0.99), where other
estimators tend to degrade. The PLE also performs strongly,
often producing MSEs very close to or equal to those of
PNLRT-ME, particularly in moderate sample sizes and mid-
range correlations. PRE, while slightly less competitive than
PNLRT-ME and PLE, performs steadily and reliably,
especially in smaller to moderate correlation settings. A clear
pattern observed is that as the sample size increases, MSEs
for all estimators reduce substantially. However, PNLRT-ME
retains a consistent edge across all levels, reinforcing its
efficiency for estimating in the presence of multicollinearity
and large parameter settings.

This study comprehensively evaluated the performance of
several existing estimators, namely, PMLE, PRE, PLE, PK-
L, PMRT, and proposed estimators like PNLRT, PNLRT-ME,
PNLRT-MR, and PNLRT-GM under various configurations of
intercept (y = -1,0,1), number of parameters (P=2,4), sample
sizes (n = 25, 50, 75, 100, 150 and 200), and degrees of
multicollinearity (p = 0.75, 0.85, 0.95, 0.99). The comparison
was based on the Mean Squared Error (MSE) of the
difference estimators across all conditions.

Across all scenarios, the Poisson Maximum Likelihood
Estimator (PMLE) consistently recorded the highest MSE,
clearly indicating its inefficiency in the presence of
multicollinearity. This reaffirms its sensitivity to the ill-
conditioning of the design matrix, especially under high
correlations.

Among the proposed estimators, PNLRT-ME stood out as
the most efficient and consistent performer across all six
tables. It exhibited minimal MSE in the majority of cases,
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regardless of the number of parameters, intercept level, or
sample size. It was particularly superior under high
multicollinearity (p=0.95, 0.99) and with larger sample sizes,
confirming its efficiency.

The PLE and PK-L estimators also showed strong
performance, especially under moderate correlations and
smaller samples. PLE was often among the top three
performing estimators, particularly when the intercept was
positive. PK-L, though not always the best, consistently
remained competitive and showed low MSE in low to
moderate correlation scenarios. PRE estimator, while not
leading, offered reliable performance and was particularly
effective as sample sizes increased.

In contrast, PNLRT-GM and PNLRT-MR showed
inconsistent performance, sometimes coming close to the
best estimators, but in many cases underperforming. This
variability makes them less desirable for general-purpose
estimation under multicollinearity.

CONCLUSION

In conclusion, PNLRT-ME is the most efficient estimator
across all examined conditions, while PLE and PK-L are
good alternatives under moderate multicollinearity. All
estimators improve with increasing sample size, but relative
efficiency remains largely unchanged.

Further studies will consider higher-dimensional parameter
settings beyond p = 4 and incorporate real-world datasets to
better assess the estimators’ performance under practical
conditions, including challenges such as outliers and
heteroscedasticity.
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