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ABSTRACT 
This study investigates the two-dimensional, steady, 
incompressible flow of a Williamson nanofluid over a stretching 
sheet in the presence of a magnetic field, accounting for variable 
viscosity, thermal conductivity, and the Soret-Dufour effects. 
Williamson nanofluids, characterized by their non-Newtonian 
shear-thinning behavior, are widely used in industrial processes 
such as polymer extrusion, chemical engineering, and food 
processing. The coupling of magnetohydrodynamics (MHD) with 
variable thermophysical properties and cross-diffusion phenomena 
significantly influences heat and mass transfer performance, 
making it essential to explore these effects for practical 
applications. Numerical simulations are performed using the fourth-
order Runge-Kutta method with the shooting technique to obtain 
velocity, temperature, and concentration profiles, along with skin 
friction, Nusselt, and Sherwood numbers. The study provides a 
comprehensive analysis of the impact of Williamson, magnetic, 
Soret, and Dufour parameters on flow and transport characteristics, 
offering valuable insights for optimizing engineering systems. 
 
Keywords: Williamson nanofluid, Runge-Kutta method, Soret-
Dufour, MHD, variable viscosity, thermal conductivity. 
 
INTRODUCTION 
The basic concept of MHD is the exploration of an electrically 
conducting fluid as a result of the imposition of a magnetic field. 
The production of a magnetic field is from an electric current. The 
applications of MHD are found in areas of engineering such as 
geophysics, metallurgy, and astrophysics. As a result of these 
applications, many scholars have explained the significance of 
MHD on fluid flow. Alhussain et al. (2021) examined magneto-
bioconvective and thermal conductivity enhancement in nanofluid 
flow containing microorganisms. Their equations were changed 
from PDEs to ODEs using an appropriate similarity variables. The 
transformed ODEs were later solved by employing the numerical 
approach of Bvp4c code in MATLAB. It was found in their study 
that an increase in the magnetic parameter degenerates the energy 
field. Hassan et al. (2021) studied bioconvection transport of 
magnetized Walters-B nanofluid across a cylindrical disk with 
nonlinear radiative heat transfer. Their transformed equations were 
solved by implementing the bvp4c technique in MATLAB software. 
It was observed in their study that a larger magnetic parameter 
diminishes the velocity field. The study of Alzahrani and Khan 
(2021) discussed the significance of induced magnetic force bio-
convective flow of radiative Maxwell nanofluid with activation 
energy. The shooting numerical technique was employed in solving 

their model equations. They observed that the reciprocal magnetic 
Prandtl number elevates the nanofluid temperature, concentration, 
and microorganisms profiles. The comparative study of magnetized 
flow of nanofluids between two parallel permeable 
stretching/shrinking surfaces was investigated by Nayak et al. 
(2021). The study of Hassan et al. (2022) studied thermal analysis 
of magnetized flow of AA7072-AA7075/blood-based hybrid 
nanofluids in a rotating channel. They employed the bvp4c solver 
in MATLAB software to solve their flow equations numerically. It 
was observed that a larger Reynolds number decreases the 
tangential velocity of blood-based hybrid nanofluids. Ali and 
Sandeep (2017) extensively discussed heat transfer of MHD with 
the radiative Cattaneo-Christov model. Their flow equations were 
solved numerically by employing the Runge-Kutta Felhberg 
integration scheme. They concluded that the applied transverse 
magnetic field resulted in uniform nanoparticle motion. Mutuku-
Njane and Makinde (2013) considered the combined effect of 
buoyancy force alongside Navier slip on MHD flow of a nanofluid 
over a heated vertical porous plate. To solve their flow equations, 
the Fourth-order Runge-Kutta with the shooting technique was 
employed. They concluded in their study that the Hartmann number 
causes a decrease in the Nusselt number. Hayat et al. (2015) 
investigated the effect of an inclined magnetic field in the flow of 
third-grade fluid with variable thermal conductivity. Their resulting 
equations were solved using an appropriate solution. They 
concluded that the significance of the magnetic field parameter and 
inclination angle on the velocity possesses similar outcomes. 
 
Numerical simulation of mixed convection squeezing hybrid 
nanofluid filled with magnetized ferroparticles was investigated by 
Nisar et al. (2020). They employed a similarity technique to change 
the governing PDEs to ODEs before implementing the Matlab 
bvp4c solver. They concluded that the squeezed number lessens 
the temperature field. Pallavi et al (2024) studied the effects of 
exponentially stretching sheet for MHD Williamson nanofluid with 
chemical reaction and thermal radiative. The governing non–linear 
partial differential equations were converted to a couple of 
nonlinear ordinary differential equations by using a similarity 
transformation, which were solved numerically using the Runge-
Kutta-Fehlberg method along with the shooting technique. They 
reported that increasing the magnetic field parameter reduces the 
fluid velocity, while higher thermal radiation and Brownian motion 
parameters significantly enhance the heat transfer rate within the 
boundary region.  El-Zahar et al. (2021) examined unsteady MHD 
mixed convection flow of non-Newtonian Casson hybrid nanofluid 
within a stagnation zone. Their governing linear equations were 
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solved numerically, and they observed that an increase in solid 
volume fraction and surface shear stresses enhances the rate of 
heat transfer. The study of Hussain et al. (2021) investigated the 
heat transport of a magneto-hydrodynamics hybrid nanofluid with 
thermal radiation influence. They solved the nonlinear differential 
equations of their model by implementing the bvp4c MATLAB 
algorithm. They suggested in the study that the nanofluid 
exploitation is very good in reducing production costs. 
 
The mechanism of solute alongside thermal features in a Casson 
hybrid nanofluid based along side Ethylene Glycol has been 
investigated by Hafeez et al. (2021). They solved their flow 
equations numerically by utilizing the finite element approach with 
10-8 tolerance. They concluded that the Soret-Dufour significantly 
influences the temperature and concentration field. Alzahrami et al. 
(2021) explored hybrid nanofluid flow through a penetrable medium 
with solar radiation. They solved their transformed equations by 
utilizing the HAM. They concluded in their study that a greater value 
of the Schmidt number decreases the concentration field. Kumar et 
al. (2018) elucidated the hydromagnetic unsteady slip stagnation 
flow of nanofluid together with suspension of mixed bio-convection. 
Their governing transport Buongiorno’s model was converted to 
ODEs by utilizing the implicit finite difference scheme (IFDS). They 
concluded that the thermal slip gives a huge increase in skin friction 
coefficients. Waqas et al. (2021) examined the impact of MHD 
radiative flow of hybrid nanofluid over a rotating disk. They reduced 
the system of governing PDEs to ODEs by utilizing similarity 
transformations. They have now solved the transformed ODEs by 
utilizing the bvp4c in-built function in MATLAB. They concluded that 
the temperature field reduces due to a higher value of the Prandtl 
number. Chemical reaction on bio-convection nanofluid flow within 
double parallel plates in a rotating system by varying viscosity was 
examined by Tarakaramu and Narayana (2019). Their governing 
flow equations were solved numerically using the shooting method. 
They concluded that motile density distribution declines when 
thermal radiation and Brownian motion increase. The study of 
Akolade et al. (2021) examined the influence of thermophysical 
features on MHD squeezed flow on dissipative Casson fluid with 
radiative and chemical effects. They solved their governing 
equations of motion by utilizing the Chebyshev-based collocation 
approach. They concluded that their analysis finds application in 
polymer processing. Darcy-Forchheimer hybrid nanofluid flow over 
a stretching curved surface with mass alongside heat transfer was 
discussed by Saeed et al. (2021). Their governing coupled PDEs 
were changed to coupled ODEs by using an appropriate similarity 
transformation. They concluded that hybrid nanofluids serve as fast 
agents for heat transfer analysis when compared to common fluids. 
Onwubuoya and Dada (2021) investigated Soret, viscous 
dissipation, and thermal radiation effects on MHD free convective 
flow of Williamson liquid with variable viscosity and thermal 
conductivity. Their transformed governing equations were solved 
using SHAM. They reported that an increase in the Williamson 
parameter(β) leads to a decrease in the thickness of the 
hydrodynamic thermal layer. Ahmed et al (2020) examined the 
mechanism of both positive and negative effects of Soret–Dufour 
with heat and mass transfer processes over an accelerating 
permeable surface. The partial differential flow equations were 
simplified using similarity variables and were solved numerically 
using the spectral homotopy analysis method(SHAM). They 
reported that a positive Soret–Dufour enhances the boundary 
layer, whereas a negative Soret–Dufour parameter decreases the 

boundary layer.  Zhang et al. (2021) studied the parametric study 
of hybrid nanofluid flow with heat transfer features past a fluctuating 
spinning disk. Their equations were solved numerically by utilizing 
the parametric continuation method. They concluded that water’s 
thermophysical properties are boosted by close bonds existing 
between atoms of water (H++OH-) and silver ions Ag+. Mixed 
convective flow with analysis of heat transfer with MHD hybrid 
nanofluid over a stretching sheet was investigated by Ramzan et 
al. (2021). Their governing PDEs were changed to ODEs using an 
appropriate similarity transformation. The transformed ODEs were 
later solved by utilizing the HAM. They concluded that the hybrid 
nanofluid velocity increases for both slip and no-slip conditions. 
Arain et al. (2021) examined Reiner-Rivlin nanofluid flow within 
rotating circular plates with the squeezing phenomenal induced 
magnetic impact and activation energy. A semi-numerical 
technique called the differential transform method was used to 
solve their equations. They draw a conclusion that nanoparticles 
motile density and concentration enhance due to a higher 
squeezing Reynolds number. 
Chemical reactions relationships with mass transfer is very 
complex. This can be shown in the absorption and synthesis of 
reactant species at numerous rates of mass transfer. Chemical 
reactions find application in sciences and engineering, such as 
food processing and electric power generator. Shi et al. (2021) 
studied the significance of activation energy on bioconvection flow 
of magneto-cross nanofluid filled with gyrotactic microorganisms. 
They employed appropriate similarity variables to change their 
governing PDEs to ODEs. Their transformed ODEs were solved 
numerically by utilizing the shooting technique. They concluded 
that the activation energy greatly affects the species concentration. 
Puneeth et al. (2021) studied bioconvection of a radiating hybrid 
nanofluid with heterogeneous-homogeneous chemical reaction. 
Their flow equations were solved using the Runge-Kutta fourth-
order technique. They concluded that heterogeneous reaction 
parameters give a significant effect on the concentration field. 
Waqas et al. (2021) examined bioconvection mass transport of 
micropolar nanofluid flow with thermal and exponentially spaced-
based heat flux. Their flow equations were solved numerically, and 
they concluded that a higher thermophoresis parameter enriched 
the concentration profile. Mabood et al. (2017) studied radiation 
effects on melting heat transfer and stagnation point flow. Their 
transformed flow equations were solved numerically using the 
Runge-Kutta fourth-fifth order method. It was concluded in their 
study that temperature declines because of an increase in the 
melting parameter. Hayat et al. (2017) examined stretching rotating 
radiative flow with variable thickness. They solved their 
transformed equations by using Von Karman transformations. They 
concluded that a higher Prandtl number elevates the Nusselt 
number. Despite extensive studies on non–Newtonian and 
nanofluid dynamics, existing literature has major omissions 
concerning the combined effects of magnetic fields, variable 
thermophysical properties, and cross–diffusion phenomena in 
Williamson–type nanofluids. Hence, this study explores the 
variable viscosity, thermal conductivity, and Soret–Dufour 
mechanisms jointly influence MHD free convective of Williamson 
nanofluids over stretching sheets 
Mathematical formulation 
Consider a viscous, steady, incompressible, and laminar two-
dimensional boundary layer motion of Williamson nanofluid across 
a spreading surface. The physical properties of viscosity and 
thermal conductivity are assumed to vary within the boundary layer. 
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The flow is subjected towards the x-axis along the stretching sheet, 
and the y-axis was assumed normal to it (see Figure 1). The 
concentration and temperature at the stretching wall are 
considered to be 𝐶𝑤 and 𝑇𝑤 while far away from the stretching wall 
are 𝐶∞ and 𝑇∞ as the concentration and temperature. The level of 
species concentration is assumed to be high such that Soret-
Dufour mechanisms can not be neglected. A magnetic field of 
uniform strength with an inclined angle 𝛼 was imposed in the 
opposite direction to the fluid flow. Based on the assumptions 
above, the equations that governed the fluid flow phenomena are:  
 

 
Figure 1: Model of physical coordinate system. 

    
 

𝑆 = −𝑝𝑇 + 𝜏 (1) 
  

𝜏 = [𝜇∞ +
(𝜇0−𝜇∞)

1−Γ(𝛾̇)
] 𝐴1 (2) 

 
From which the pressure is 𝑝, 𝐼 means Identity, 𝜏 is the stress 

tensor, 𝜇0 is zero along with an infinite shear rate and 𝜇∞, Γ > 0 

signifies constant time, 𝐴1 means the tensor of Rivlin-Erickson, 

and 𝛾̇ is given as:  

𝛾̇ = √
1

2
𝜋,    where𝜋 = trace(𝐴1

2) (3) 

  

𝛾̇ − [(
𝜕𝑢

𝜕𝑥
)

2
+

1

2
(

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑥
)

2
+ (

𝜕𝑣

𝜕𝑦
)

2
]

1

2

= 0 (4) 

where 𝜋 is the second invariant strain tensor. It should be noted in 

this study that the case when 𝜇∞ = 0 and Γ𝛾̇ < 1 is considered. 
Hence, equation (1.2) is the extra stress tensor, which takes the 
form:  

 

𝜏 = [
𝜇0

1−Γ𝛾̇
] 𝐴1 (5) 

 
Therefore, the extra stress tensor components shown in equations 
(3-5) are:  

 𝜏𝑥𝑥 − 2𝜇0[1 + Γ𝛾̇]
𝜕𝑢

𝜕𝑥
= 0,    𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇0[1 +

Γ𝛾̇] (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
) 

  

𝜏𝑦𝑦 = 2𝜇0[1 + Γ𝛾̇]
𝜕𝑣

𝜕𝑦
,    𝜏𝑥𝑧 = 𝜏𝑦𝑧 = 𝜏𝑧𝑥 = 𝜏𝑧𝑦 = 𝜏𝑥𝑧 = 0

 (6) 
 
Using Roseland approximation and following Alao et al. (2016), the 

radiative heat flux is given as:  
 

𝑞𝑟 = −
4𝜎𝑠

3𝑘𝑒

𝜕𝑇4

𝜕𝑦
 (7) 

 
By using the Roseland approximation, the pseudoplastic fluid is 
restricted to a thin liquid. Taking the difference in the temperature 
within the flow domain to be small so that equation (7) above is 

linearized by simplifying 𝑇4 using the Taylor series within 𝑇∞ and 
neglecting higher-order terms:  

 

𝑇4 ≈ 4𝑇∞
3 𝑇 − 3𝑇∞

4  (8) 
 
Employing equations 1 - 6 and with all the assumptions above and 
the rheological equations of the Williamson fluid, the flow equations 
in this study are:  

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (9) 

  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

1

𝜌

𝜕

𝜕𝑦
(𝜇

𝜕𝑢

𝜕𝑦
) −

𝜎𝛽(𝑥)2

𝜌
sin𝛼𝑢 −

𝑢

𝐾

𝜇(𝑇)

𝜌
−

1

𝜌

Γ

√2

𝜕

𝜕𝑦
(𝜇 (

𝜕𝑢

𝜕𝑦
)

2
) (10) 

 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

1

𝜌𝑐𝑝

𝜕

𝜕𝑦
(𝑘

𝜕𝑇

𝜕𝑦
) +

𝜇(𝑇)

𝜌𝑐𝑝
[(

𝜕𝑢

𝜕𝑦
)

2
+ √2Γ (

𝜕𝑢

𝜕𝑦
)

3
] 

  

−
1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑦
+

𝐷𝑚𝐾𝑇

𝑐𝑠𝑐𝑝

𝜕2𝐶

𝜕𝑦2 + 𝜏 [𝐷𝐵
𝜕𝑇

𝜕𝑦

𝜕𝐶

𝜕𝑦
+

𝐷𝑇

𝑇∞
(

𝜕𝑇

𝜕𝑦
)

2
] (11) 

  

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝑚

𝜕2𝐶

𝜕𝑦2
− 𝐾1(𝐶 − 𝐶∞) +

𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2
−

𝜕

𝜕𝑦
(𝑉𝑇𝐶)

 (12) 
 subject to the constraints 𝑢 = 𝑢𝑤(𝑥) = 𝑈0(𝑥 + 𝑏)𝑚,    𝑣 =

0,    𝑇 = 𝑇𝑤,    𝐶 = 𝐶𝑤 ,    at𝑦 = (𝑥 + 𝑏)
1−𝑚

2  
  
𝑢 = 0,    𝑇 = 𝑇∞,    𝐶 = 𝐶∞,    as𝑦 → ∞ (13) 

 In equation (1.12), the thermophoretic 𝑉𝑇 is given as:  

𝑉𝑇 = −𝑘𝑉
𝜈𝑇

𝑇𝑟𝑒𝑓
=

𝑘𝑉

𝑇𝑟𝑒𝑓

𝜕𝑇

𝜕𝑦
 (14) 

 where 𝑘–thermophoretic coefficient defined as  

𝑘 = 2𝑐𝑠 (
𝜆𝑔

𝜆𝑝
+ 𝐶𝑡𝑘𝑛) [1 + 𝑘𝑛(𝐶 − 1 +

𝐶2exp(−
𝑐𝑠

𝑘𝑛
))] ((1 + 3𝐶𝑚𝑘𝑛)(1 + 2

𝜆𝑔

𝜆𝑝
+ 2𝐶𝑡𝑘𝑛))

−1

 (15) 

where 𝐶1, 𝐶2, 𝐶3, 𝐶𝑚, 𝑐𝑠 and 𝐶𝑡 are constant, 𝜆𝑔 and 𝜆𝑝 signifies 

thermal conductivities of both liquid and diffused particles, 𝑘𝑛 

signifies Knudsen number. The fluid thermal conductivity 𝑘(𝑇) 

together with variable viscosity 𝜇(𝑇) are given in the form:  

𝑘 = 𝑘∞[1 + 𝜉𝜃],    𝜇 = 𝜇∞[1 + 𝜉𝜃] (16) 

where the value of 𝜉 is taken to be very small, 𝑘∞ signifies the 
conductivity of the liquid far from the sheet. Note that  
1

𝜇
=

1

𝜇∞
[1 + 𝛾(𝑇 − 𝑇∞)],    𝑖. 𝑒    

1

𝜇
= 𝑎(𝑇 − 𝑇𝑟) (17) 

where 𝑎 =
𝛾

𝜇∞
, 𝑇𝑟 = 𝑇∞ −

1

𝛾
 and 𝜓(𝑥, 𝑦) signifies stream 

function given as 𝑢 =
𝜕𝜓

𝜕𝑦
 and 𝑣 = −

𝜕𝜓

𝜕𝑥
. The following similarity 

transformation is introduced on the governing equations (1.9)-
(1.13)  
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𝜂

𝑦(𝑥 + 𝑏)
𝑚−1

2

√
𝑈0(𝑚 + 1)

2𝜈
= 0,    

𝜓(𝑥, 𝑦)

(𝑥 + 𝑏)
𝑚+1

2

𝑓 − √
2𝜈𝑈0

𝑚 + 1

= 0 
  

𝜃(𝜂) =
(𝑇−𝑇∞)

(𝑇𝑤(𝑥)−𝑇∞)
,    𝜙(𝜂) =

(𝐶−𝐶∞)

(𝐶𝑤(𝑥)−𝐶∞)
 (18) 

 
Substituting equation (1.8) above into the definition of the stream 
function, we obtain  

𝑢

𝑈0(𝑥+𝑏)𝑚
= 𝑓′(𝜂),    

𝑣

𝑓′(𝜂)𝜂(
𝑚−1

𝑚+1
)

=

√
𝑚+1

2
𝜈𝑈0(𝑥 + 𝑏)𝑚−1

√
𝑚+1

2
𝜈𝑈0(𝑥+𝑏)𝑚−1𝑓(𝜂)

𝑓′(𝜂)𝜂(
𝑚−1

𝑚+1
)

 (19) 

 
The transformed equations now become:  

𝑓′′′ − (
2

𝑃𝑜(𝑚 + 1)
) 𝑓′

=
𝜃𝑟 − 𝜃

𝜃𝑟
[𝑓′′ − (

2𝑚

𝑚 + 1
) 𝑓2

− 𝑀2sin2(𝛼)𝑓′ − 𝛽𝑓′𝑓′′] 

 +
1

𝜃𝑟−𝜃
[𝜃𝑓′′ + 𝜉𝜃𝑓′′2] (20) 

  

𝜃′′ =
1

1+𝑠𝜃
[𝑃𝑟 (

1−𝑚

𝑚+1
) 𝑓′𝜃 − 𝑓𝜃′ − 𝐸𝑐𝑓′2 +

𝜃𝑟𝐸𝑐

(𝜃𝑟−𝜃)
(𝑓′′)2 −

𝛽(𝑓′′3)] − 𝑠𝜃2 − 𝑅𝜃′′ − 𝑁𝑎𝜃′𝜙′ + 𝑁𝑡𝜃′ (21) 

  
1

𝑆𝑐
𝜙′′ − 𝐾𝑟𝜙 + 𝑓𝜙′ + 𝑆𝑟𝜃′′ + 𝜏[𝜃′𝜙′ + 𝜙𝜃′′] = 0 (22) 

subject to:  

𝑓 = 𝜒 [
1−𝑚

𝑚+1
] ,    𝑓′ = 1,    𝜃 = 1,    𝜙 = 1,    as𝜂 = 0 (23) 

  
𝑓′ → 0,    𝜃 → 0,    𝜙 → 0,    as𝜂 → ∞ (24) 
where  

𝑆𝑐 =
𝜈

𝐷
,    𝐾𝑟 =

2𝐾1

𝑢0(𝑚 + 1)(𝑥 + 𝑏)𝑚−1
,    𝑆𝑟

=
𝐷𝑇(𝑇𝑤 − 𝑇∞)

𝑇∞(𝐶𝑤 − 𝐶∞)
,    𝜏

=
𝑘𝜈

𝑇𝑟𝑒𝑓

(𝑇𝑤 − 𝑇∞)

√2
(𝑥 + 𝑏)𝑚 

are Schmidt number, chemical reaction parameter, Soret number, 
and thermophoresis parameter. 

 
MATERIALS AND METHODS 
To solve equations (20), (21), and (22) subject to (23) and (24), we 
first determine all initial conditions. Once the initial conditions are 
found, we solve the equations (20), (21), and (22) subject to (23) 
and (24) using the Runge-Kutta fourth-order method with a 
successive iterative step length of 0.01. The non-dimensional 
velocity and temperature profiles are shown in Figures 2-15 for 
various values of different physical parameters. To validate the 
employed method, the authors have compared the results of 
𝑓′′(0) with published work. These comparisons are given in Table 
1 and show very good agreement. We proceed by writing the 
transformed equations for each case in first-order ODEs as follows:  
 

 𝑓 = 𝛼1 ,    
𝑑𝑓

𝑑𝜂
=

𝑑𝛼1

𝑑𝜂
= 𝛼2 ,    

𝑑2𝑓

𝑑𝜂2 =

𝑑

𝑑𝜂
(

𝑑𝑓

𝑑𝜂
) =

𝑑𝛼2

𝑑𝜂
= 𝛼3 ,    

𝑑3𝑓

𝑑𝜂3
=

𝑑

𝑑𝜂
(

𝑑2𝑓

𝑑𝜂2
) =

𝑑𝛼3

𝑑𝜂
 

 𝜃 = 𝛼4 ,    
𝑑𝜃

𝑑𝜂
=

𝑑𝛼4

𝑑𝜂
= 𝛼5 ,    

𝑑2𝜃

𝑑𝜂2
=

𝑑

𝑑𝜂
(

𝑑𝜃

𝑑𝜂
) =

𝑑𝛼5

𝑑𝜂
 

 𝜙 = 𝛼6 ,    
𝑑𝜙

𝑑𝜂
=

𝑑𝛼6

𝑑𝜂
= 𝛼7 ,    

𝑑2𝜙

𝑑𝜂2
=

𝑑

𝑑𝜂
(

𝑑𝜙

𝑑𝜂
) =

𝑑𝛼7

𝑑𝜂
 

 
Substituting these first-order ODEs into (20), (21), and (23), we 
obtain:  

 
𝑑𝛼3

𝑑𝜂
= (

2

𝑃𝑜(𝑚+1)
) 𝛼2 =

𝜃𝑟−𝛼4

𝜃𝑟
[𝛼1𝛼3 −

(
2𝑚

𝑚+1
) (𝛼2)2 − 𝑀2sin2(𝛼)𝛼2 − 𝛽𝛼3

𝑑𝛼3

𝑑𝜂
] 

 +
1

𝜃𝑟−𝛼4

[𝛼5𝛼3 + 𝛽𝛼5(𝛼3)2] 

  

 
𝑑𝛼5

𝑑𝜂
=

1

1+𝑠𝛼4
[𝑃𝑟 (

1−𝑚

𝑚+1
) 𝛼2𝛼4 −

𝛼1𝛼5 − 𝐸𝑐(𝛼3)2 +
𝜃𝑟

𝜃𝑟−𝛼4
𝐸𝑐(𝛼3)2 − 𝛽(𝛼3)3 

 −𝑁𝑏𝛼5𝛼7] − 𝑁𝑡(𝛼5)2 − 𝑠(𝛼5)2 −

𝑅
𝑑𝛼5

𝑑𝜂
 

  

 
𝑑𝛼7

𝑑𝜂
− 𝑆𝑐𝛼1𝛼7 − 𝑆𝑐𝐾𝑟𝛼6 + 𝑆𝑐𝑆𝑟

𝑑𝛼5

𝑑𝜂
+

𝑆𝑐𝜏𝛼5𝛼7 + 𝑆𝑐𝜏𝛼6
𝑑𝛼5

𝑑𝜂
= 0 

 
Also,  

 
𝑑𝛼3

𝑑𝜂
(

2

𝑃𝑜(𝑚+1)
) 𝛼2 =

𝜃𝑟−𝛼4

𝜃𝑟
𝛼1𝛼3 −

𝜃𝑟−𝛼4

𝜃𝑟
(

2𝑚

𝑚+1
) (𝛼2)2 −

𝜃𝑟−𝛼4

𝜃𝑟
𝑀2sin2(𝛼)𝛼2 

  

 −
𝜃𝑟−𝛼4

𝜃𝑟
𝛽𝛼3

𝑑𝛼3

𝑑𝜂
=

1

𝜃𝑟−𝛼4

[𝛼3𝛼3 + 𝛽𝐸𝛼3(𝛼3)2] 

  

 
𝑑𝛼5

𝑑𝜂
+ 𝑅

𝑑𝛼5

𝑑𝜂
=

1

1+𝑠𝛼4
[𝑃𝑟 (

1−𝑚

𝑚+1
𝛼2𝛼4 − 𝛼1𝛼5 −

𝐸𝑐(𝛼3)2) +
𝜃𝑟

𝜃𝑟−𝛼4
𝐸𝑐(𝛼3)2 

  

 −𝛽(𝛼3)3 − 𝑁𝑏𝛼3𝛼7 − 𝑁𝑡(𝛼3)2 − 𝑠(𝛼3)2] 
  

 
𝑑𝛼7

𝑑𝜂
= 𝑆𝑐𝛼1𝛼7 + 𝑆𝑐𝑘𝑟𝛼6 − 𝑆𝑐𝜏𝛼5𝛼7 − (𝑆𝑐𝑆𝑟 +

𝑆𝑐𝜏𝛼6)
𝑑𝛼5

𝑑𝜂
 

 
Simplifying further to obtain:  

 
𝑑𝛼3

𝑑𝜂
[1 +

𝜃𝑟−𝛼4

𝜃𝑟
𝛽𝛼3] =

𝜃𝑟−𝛼4

𝜃𝑟
𝛼1𝛼3 −

𝜃𝑟−𝛼4

𝜃𝑟
(

2𝑚

𝑚+1
) (𝛼2)2 

  

 −
𝜃𝑟−𝛼4

𝜃𝑟
𝑀2sin2(𝛼)𝛼2 +

1

𝜃𝑟−𝛼4
𝛼3𝛼3 +

1

𝜃𝑟−𝛼4
𝛽𝐸𝛼3(𝛼3)2 

  

 
𝑑𝛼5

𝑑𝜂
[1 +

𝑅

1+𝑠𝛼4
] =

1

1+𝑠𝛼4
[𝑃𝑟 (

1−𝑚

𝑚+1
𝛼2𝛼4 −

𝛼1𝛼5 − 𝐸𝑐(𝛼3)2) +
𝜃𝑟

𝜃𝑟−𝛼4
𝐸𝑐(𝛼3)2 
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 −𝛽(𝛼3)3 − 𝑁𝑏𝛼3𝛼7 − 𝑁𝑡(𝛼3)2 − 𝑠(𝛼3)2] 
 
Now substituting equation above:  

 
𝑑𝛼7

𝑑𝜂
= 𝑆𝑐𝛼1𝛼7 + 𝑆𝑐𝑘𝑟𝛼6 − 𝑆𝑐𝜏𝛼5𝛼7 − (𝑆𝑐𝑆𝑟 +

𝑆𝑐𝜏𝛼6)𝐴 
where,   

𝐴 =
1

1 + 𝑠𝛼4
[𝑃𝑟 (

1 − 𝑚

𝑚 + 1
𝛼2𝛼4 − 𝛼1𝛼5 − 𝐸𝑐(𝛼3)2)

+
𝜃𝑟

𝜃𝑟 − 𝛼4
𝐸𝑐(𝛼3)2 − 𝛽(𝛼3)3

− 𝑁𝑏𝛼3𝛼7 − 𝑁𝑡(𝛼3)2 − 𝑠(𝛼3)2]

× [1 +
𝑅

1 + 𝑠𝛼4
]

−1

 

RESULTS AND DISCUSSION 
The reduced equations (20)-(22), along with the boundary 
conditions (23) and (24) are highly coupled nonlinear ordinary 
differential equations. This set of equations has been solved by 
utilizing the Runge-Kutta method alongside the shooting technique. 
With the numerical results, the contribution of each parameter is 
presented graphically. In the same vein, the computational 
outcomes of flow parameters on engineering interest are presented 
in tabular form. 
 

 
Table 1. Computational values for skin friction coefficient (Cf), Nusselt number (Nu), and Sherwood number (Sh) for different values of flow 
parameters 
 

P r  M   S Pr Ec R Sc kr Cf Nh Sh 

0.3          1.6918 1.6084 0.1306 

1.6          1.7309 1.5544 0.1306 

0.9          1.8339 1.3214 0.1306 

 2.0         2.6421 1.4850 0.1234 

 4.0         2.9753 2.4220 0.1234 

 6.0         3.1475 3.9971 0.1234 

  0.0        1.0263 1.5682 0.1323 

  0.5        1.0124 1.5184 0.1323 

  1.0        1.0020 1.5149 0.1323 

   0.1       1.8980 1.6125 0.1487 

   0.3       1.6577 1.6125 0.1487 

   0.5       1.5112 1.6125 0.1487 

    1.0      1.2173 0.5778 0.5171 

    2.0      1.1159 0.5912 0.5171 

    3.0      1.1141 0.6001 0.5171 

     0.71     1.0397 1.0693 0.3095 

     1.00     1.3843 1.1104 0.3095 

     3.00     1.4812 1.5205 0.3095 

      0.2    1.6227 0.4181 0.4561 

      0.4    1.5660 0.3228 0.4561 

      0.6    1.5094 0.2123 0.4561 

Table 4.1 shows the values of Cf, Nu, and Sh for controlling 

parameters such as Po, r , M,   , s, Pr, and Pr.  An increment 

in the value of Po is seen to enhance Cf   and degenerate Nu in T 

Increase in the value of  r  is observed to elevate the value of Cf 

and Nu. This implies that an increase in r  speed up the rate of 

heat transport. A large value of   M is noticed to drastically decrease 
Cf and Nu. This is a result of the Lorentz force produced by an 

increase in M. Also, an increase in the value of   is noticed to 

degenerate Cf. This is due to the imposed magnetic field on the 
flow, an increase in the value of s is observed in the speed rate of 

the heat transport due to the increase in the value of Nu. It is clearly 
noticed that a large value of Pr is noticed to enhance Cf and Nu, 
but has negligible on Sh. An increase in the value of Ec is observed 
to elevate Cf and Nu.  
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Table 2 Computational values for skin friction coefficient (Cf), Nusselt number (Nu), and Sherwood number (Sh) for different values of flow 
parameters. 

R Sc Kr Cf Nh Sh 

0.5   1.6470 0.3172 0.5111 

1.0   1.6793 0.5631 0.5111 

2.0   1.7266 0.7235 0.5111 

 0.22  1.6793 0.3632 0.4124 

 0.61  1.5341 0.3632 0.4012 

 1.00  1.4233 0.3632 0.3900 

  0.3 1.6990 0.2632 0.5312 

  0.5 1.6793 0.2632 0.6124 

  0.7 1.6595 0.2632 0.6459 

 
 
 

Table 3  Shows the validation of the present outcomes with those of Ahmed et al. (2020) when ϴr = s = B = R = Kr = T = X = 0. The present 

outcomes are found to be correct in Table 4.3 
 Flow Parameters Ahmed et al. (2020)  Present outcomes 
 

Sr Ec Pr Sc Cf Nh Sh Cf Nh Sh 

0.1    0.4915 0.5050 0.5708 0.4913 0.5048 0.5706 

0.5    0.5137 0.4760 0.5786 0.5135 0.4758 0.5784 

2.0    0.5369 0.4472 0.5866 0.5367 0.4470 0.5864 

 0.01   0.9756 0.7319 0.9548 0.9754 0.7317 0.9546 

 0.1   0.9838 0.6504 0.7649 0.9836 0.6502 0.9647 

 0.2   0.9946 0.5586 0.9764 0.9944 0.5584 0.9762 

  0.71  0.9743 0.7318 0.9547 0.9741 0.7316 0.9545 

  1.0  0.9284 0.9041 0.9304 0.9282 0.9039 0.9302 

  7.0  0.5383 3.5086 0.6012 0.5381 3.5084 0.6010 

   0.22 1.2235 0.9366 0.5156 1.2233 0.9364 0.5154 

   0.61 1.0835 0.7162 1.0260 1.0833 0.7160 1.0258 

   1.0 0.9913 0.6043 1.3792 0.9911 0.6041 1.3790 

Figure 2 represents the significance of the Williamson parameter 
(𝛽) on the velocity profile. A higher value of 𝛽 is detected to 
enhance the velocity profile. Practically, in a scenario of constant 
viscosity and thermal conductivity, that is 𝑠 = 𝜖 = 0, there is a 
boost in velocity within the boundary layer. The assumption of 
constant viscosity and thermal conductivity in a moving fluid is 
unrealistic. Hence, the present analysis examines the thermal 
conductivity and viscosity to vary within the stretching surface. 
Physically, raising the value of 𝛽 along with variable viscosity and 
thermal conductivity helps in enhancing the fluid velocity. 
 
Figure 3 shows the significance of the chemical reaction parameter 
(𝑘𝑟) on the velocity as well as concentration profiles. A higher value 

of 𝑘𝑟 is detected to deteriorate both velocity and concentration 
profiles. This shows a corrosive reaction in the fluid within the 
boundary layer. However, the chemical reaction on the fluid 
nanoparticles shows a destructive reaction by decreasing the 

velocity and concentration profiles. 
 
Figure 4 depicts the effect of the magnetic field parameter (𝑀) on 

the velocity profile. A higher value of 𝑀 was detected to deteriorate 
the velocity distribution. The presence of the magnetic field 
parameter in this analysis gave rise to the Lorentz force. Physically, 
the Lorentz force possesses more strength with a higher value of 
𝑀 and thereby causes a reduction in the velocity of the fluid. 
 
Figure 5 represents the impact of the Brownian motion parameter 
(𝑁𝑏) on the velocity and temperature profiles. It is observed that 

an increase in 𝑁𝑏 causes a reduction in the velocity and 
temperature profiles. This is due to the Lorentz force produced as 
a result of imposing the magnetic field transversely to the flow 
direction. 
 
Figure 6 illustrates the impact of the nanofluid thermophoresis 
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parameter (𝑁𝑡) on the velocity and temperature profiles. A higher 

value of 𝑁𝑡 is observed to decrease the temperature and increase 
the velocity profile. Nanofluid thermophoresis is a scenario that 
explains the migration of microparticles towards a degenerating 
thermal gradient. Physically, Figure 6 indicates that the 
microparticles diffuse from the hot surface towards a cold surface. 
Hence, there is a rise in the fluid velocity within the cold surface 
with reduced temperature. 
 
Figure 7 represents the effect of the Prandtl number (𝑃𝑟) on the 
velocity and temperature profiles. A decrease in the velocity and 
temperature profile is detected due to a higher value 𝑃𝑟. 𝑃𝑟 
demonstrates the relationship existing between the thermal 
conductivity and kinematic viscosity. This means that 𝑃𝑟 controls 
the thickening of thermal and momentum boundary layers when 
considering heat and mass transfer phenomena. Therefore, a very 
small 𝑃𝑟 possesses very high heat conductivities while the 
structure of the thermal layer becomes very thick. Due to this, 
raising 𝑃𝑟 in the heat transfer process reduces the hydrodynamic 
and thermal layers. 
 
Figure 8 illustrates the significance of the thermal radiation 
parameter (𝑅) on the velocity and temperature profiles. A higher 

value of 𝑅 is detected to enhance the velocity and temperature 
profiles. Thermal radiation is of great importance in thermal 
engineering scenarios where the temperature is very high. It is 
finalized in this analysis that 𝑅 is important when 𝑅 ≠ 0. Due to 
variable viscosity and thermal conductivity, the environment within 
the layer becomes very hot. 
 
Figure 9 shows the effect of the Schmidt number on the velocity 
and concentration profiles. A decrease in velocity and 
concentration profiles is noticed due to a higher Schmidt number. 
The Schmidt number is the ratio of fluid kinematic viscosity to fluid 
mass diffusivity. Physically, kinematic viscosity (𝜈) > mass 
diffusivity means that the Schmidt number is very high. Hence, the 
rate of mass transfer is reduced due to the significance of 
concentration buoyancy effects. 
 
Figure 10 illustrates the effect of variable viscosity on the velocity 
and temperature profiles. In reality, any fluid in motion cannot 
possess a constant viscosity. The viscosity is noted for causing 
resistance to fluid flow within the boundary layer. A higher value of 
variable viscosity in Figure 10 shows a reduction in the velocity and 
temperatures. Hence, the thickness of the hydrodynamic and 
thermal boundary layer reduces. Figure 11 shows the impact of the 
thermophoresis parameter (𝜏) on the velocity and concentration 

profiles. A higher value of 𝜏 is detected to cause an increase in the 
species concentration as well as velocity distributions. 

 

  
Figure 2: Effect of Williamson parameter on the velocity profile. 

   
 
 
 
 
 
(a)

 
(b)

  
Figure 3: Effect of chemical reaction parameter on the velocity and 
concentration profiles. 
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Figure 4: Effect of magnetic parameter on the velocity profile. 

   
 

(a) (b)   
Figure 5: Effect of Brownian motion parameter on the velocity and temperature profiles. 

   

(a)        (b)     
 
 
Figure 6: Effect of nanofluid thermophoresis parameter on the velocity and temperature profiles. 
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(a) (b)  
 
Figure 7: Effect of Prandtl number on the velocity and temperature profiles. 

   
 

(a) (b)   
Figure 8: Effect of thermal radiation parameter on the velocity and temperature profiles. 

   

(a)  (b)  
 
Figure 9: Effect of Schmidt number on the velocity, and concentration profiles. 
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(a) (b)  
 
Figure 10: Effect of variable viscosity parameter on the velocity and temperature profiles. 

   
 

(a) (b)   
 
Figure 11: Effect of thermophoresis parameter on the velocity and concentration profiles. 

  
Conclusion 
The problem examined the significance of nanofluid in the 
systematic flow of Williamson fluid over a stretching surface. The 
thermophysical properties of the fluid were considered to vary 
within the boundary layer. The Runge-Kutta method, along with the 
shooting technique, was employed to solve the system of 
transformed ODEs. The physical outcomes for various flow 
parameters were presented graphically to explain the physics of 
the problem. The major findings are:  

1) An increase in the Williamson parameter enhances the 
fluid velocity along with the thickness of the 
hydrodynamic boundary layer.  

2) The application of a magnetic field in the flow direction 
generates a Lorentz force that decreases the fluid 
velocity. 

3) The Brownian motion parameter was observed to 
reduce the velocity of the fluid while increasing the 
temperature and concentration boundary layer 
thickness. 

4) Thermophoresis was found to influence particle 
deposition, leading to a change in concentration 
distribution within the fluid.  
 

Nomenclature 
A - Constant 
A1 - First Rivlin –Erikson tensor 
Bo – Magnetic field (Kgs-2 A-1) 
C - Dimensional Concentration (mol/m3) 
Cp - Specific heat at constant Pressure (Unit: Jkg-1 k-1] 
C∞ - Concentration at free stream (mol/m3) 
D - Mass diffusivity (m2/S) 
DB - Browman motion coefficient (m2/s) 
Dm - Mass diffusivity   
I - Identity 
K = Thermal Conductivity 
K1= Chemical reaction  
k = Porosity term 
k* - Mean absorption coefficient 
KT - Thermal diffusivity ratio 
k(T)-Thermal conductivity (w/mK) 
Kn - Knudsen number  
k∞ - Conductivity of fluid far away from sheet 
Nux - Nusselt number  
p - Pressure (Pa) 
qr = radiative heat flux (w/m2)  
R - radiation parameter   
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S - Stress tensor  
Shx - Sherwood number  
T - Fluid temperature (kelvin) 
T∞ - temperature of free stream  
U - velocity component in x - direction (m/s) 
Uw- stretchg in sheet velocity  
U∞ - velocity at free stream (m/s) 
V - velocity component s in y - direction (m/s) 
Vw - velocity at wall (m/s) 
VT - Thermophoresis velocity (m/s) 
 
Greek Alphabets 
Г- time constant 
µ- dynamic viscosity  
µ(ᴛ)-Variable viscosity  
µ∞ Velocity at free stream 
µ0 Limiting viscosity at zero shear rate 
𝜎*-  Stefan-boltzmann constant  

 - Dimensionless temperature 

𝜌 - Fluid density [unit;Kg/m2 ] 

𝜈- Kinematic viscosity [unit m2/s] 

𝜎 - Electrical conductivity fluid (unit: mΩ/m) 

  - stream function  

𝜏 - Brownian motion parameter 
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