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ABSTRACT
The famous basis theorem of David Hilbert is an important theorem in commutative algebra. In particular the Hilbert's basis
theorem is the most important source of Noetherian rings which are by far the most important class of rings in commutative
algebra. In this paper we have used Hilbert's theorem to examine their unique properties which will help us to understand some

INTRODUCTION

In our study of Noetherian rings, we noticed that the rings
characteristically reproduce themselves under various operations. We
also noticed that the most important source of these classes of rings is
the Hilbert's Basis theorem which states that: ‘If R is a Noetherian
ring then the polynomial ring R[X]where X is an indeterminate is

Noetherian.

Although some authors have discussed the theorem, the proof
presented by Jacob (1969) is interesting. The commentaries in this

paper are based on his proof. Here R denotes a commutative ring
and R[x] denotes a polynomial ring.

Preliminaries: The following definitions and prepositions are
preliminaries in understanding the theorem in focus and the proof of it.

Definition 1: (Oscar & Pierre 1965)

Let R be a commutative ring and a non-empty sub-set | of R is said
to be an ideal of R if:

() a—belforabeR

(i) rae | ,fora,beR.

Definition 2: (Atiyah & Mcdonald 1969)

A finitely increasing sequence: I, c I,...1

A, of ideals in a

commutative ring R is called a chain of ideals.

Definition 3: (Atiyah & Mcdonald 1969)

A ring R in which the ascending chain: I, = I, < I,..., of ideals
of R is stationary is called a Noetherian ring.

Definition 4: (Jacob 1969)

If1is any ideal in R[X], and the set |, ={aeR:ais the
coefficient of X" in some f[x]e I with deg f[x]<n}then I,

is called the N associated ideal of | . If P is a primary ideal then
its radical r(p) is called the associated ideal of P and we say that

p is a primary ideal belonging to the prime ideal r(p) or simply
that p is primary for r(p).

Proposition 1: (Jacob 1969)
If 1 is an ideal of R[X], then | is an ideal ofR.

Furthermore, | < I, ,foralln.

n+1’

Proof:1f a,b el ,say f(x)=a,+ax+..+ax" el and
g(X)=b, +bx+...+bx" el

then

f(x)-g(x)=(a, b))+ (&, —b)x+...+(@a=b)x"el,
so (a—-b)el,.

Also ifr e R, then rf(x)=ra, +raXx+..+rax"el, so
rae |, from definition (2), |, is an ideal.

To prove the second part, take the product Xf (X) .

xf (X) = (@, +aX+...+ax")x = a X +aX+..+ax"" el
, S0

ael . hencel cl ,asael

n+1’ n+1

Proposition 2: (Jacob 1969; Cohn 1977)
LetC < D, be ideals of R[X].ThenC, = D, for al n.
Furthermoref C, = D, foraln then C=D.

Proof: We prove the first statement from the definition 4 by Jacob
(1969). As C is an ideal in R[X],

C, ={c e R: cis the coefficient of X"insome f(x)eC}.D
is an ideal of R[X] implies that: D ={d € R: d is the coefficient
of X,insome f(x) e D} .Hence C = D foralln.
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To prove the second statement, we suppose that, Cn = Dn , for all
N, and that

f(x)=d,+dx+...+d x"eD (1)

We wish to show that f (X) € C . We prove that by induction onn .
fn=0,ten f(x)=d,eD,=C,cC.
Thus we assume that the statement is true for all polynomials of
deg<n-1.

Since f (x) € D, we have thatd , € D, = C, . Thus there exists
a polynomial g (X) such that:
g(x)=¢,+CX+..+C, X" +d x"eCc D- .(2)

From (1) and (2) we have: f(X)—g(x)eD.

Butdeg( f (x) — g(x)) £ n—1, so by the induction

hypothesis  (X) —g(x) eC.

Since, g(X) € C we conclude that T (X) € C . This completes the
induction and hence C, = D, ,thenC =D .

We now restate the theorem and give the proof which is our main
result.

The theorem:
If R is a commutative Noetherian ring, then R[X] is Noetherian.

Proof:
Let | be an ideal of R[X]and suppose that I, = I, ... is a

chain of ideals of R[X]. Let I; ; denote the j™ associated ideal
of I, We then have the following pattern of inclusions. Here |3,1

means the first associated ideal of I3 .

UI ur ur Ut

Is,o - |3,1 - Is,z - Is,s -
Ut ur  ur Ul
Lo € by ch,cl; <
Ut ur  ur Ul
e € 1, €1, <1, <
Ut ur  ur Ul

c

c c c
I0,0 - I0,1 - |0,2 - IO,S -

We can deduce a finite number of ascending chain of ideals of R
thus:
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i. From the horizontal chain;
o loncly, S loz -

locl,cl,cl;c..
Leycl,cl,cl;c..
Loch,cl,cl;c..

and so on.

ii. From the vertical chains we have;
locloc sl

locl,clhycl,c..
l,cl,cl,cl;, c..

I lizclhcl e
and so on.

iii. Diagonally, we have:
loclicl, <.
loclucl,,c..
l,cl,cl; <.
as ascending chains.

Nowsince I, = I, = I,, < ;5 < ..., isan ascending chain of

ideals of R, there, exists an integer, k say such that: |

= Ik'kfor,

all i > Kk . Now we consider the K vertical chains

el el j=0,1,2,....k —1. There exists an
integer n; suchthatforall t=n;, I ; =1, ;.
Let n = max{n,,n;,...,n,_,,k} We claim that ifi > n,

I, =1, By the second proposition, it suffices to show that

L, =1, foralj.

If 0< jzk, theni >n > n;, implies
=1, =1 fi=kand i=n=>k, then:

L nj

completes the proof.

= Ik,k =1 since Ir'S = Ik,k whenever: ,S>Kk. This

Conclusion
This argument is applicable to all the ascending chains of ideals

obtained in i, ii and iii above, hence R[X] is Noetherian whenever
R is a commutative Northerian ring. We conclude that:

1. The significance of this theorem is that it is very useful in the
construction of Noetherian rings (Apine 2006).

2. The theorem also shows that Noetherian rings
characteristically reproduce themselves.
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3. The Hilbert Basis Theorem can be extended to the
polynomial ring  K[X, X,,...,X,] of finitely many
indeterminates over a field k.

4. If we replace R[X] ork[x,,...,X,], by R[X,X,,...],
the polynomial ring of infinitely many indeterminates, the
theorem fails to hold since R is Noetherian.
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